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1 Machine Learning Basics

Machine learning is all about identifying some pattern in data and applying those patterns to new data. Formally, let us
suppose that you have bunch of datapoints or observations zp, . . ., zx. For example, each z; could be a tuple (x;,y;)
where x; is some object like a picture or the state of a board game or information about a medical patient, and y; is
some label like an object in the picture, the best move in the board game, or the diagnosis of the patient. The typical
machine learning workflow consists of two main choices:

1. Choose some kind of model to explain the data. In supervised learning in which z = (x,y), typically we pick
some function f and use the model y = f(x, w) where w is the parameter of the model. We will let W be the
set of acceptable values for w.

2. Fit the model to the data. That is, using our dataset z1, ..., zy, choose some value w. This is often called
training the model.

For most of this course, will consider the case that W = R? for some d so that we are attempting to minimize a
real-valued function of a real vector.

For example, in a binary classification task if z = (x,y) where x € R? and y € {—1,1}, we might choose the
simple linear classifier model

y = sign({x, w))
After completing step 2, we will need some way to measure how good our choice of W is. This is accomplished
through a loss function L£(w). Typically, the loss function takes the form of some kind of expectation:

£(w) = Elf(w,2)]

where the expectation is over some unknown distribution of observations z ~ P,. In this course, we will consider
solely losses of this form. For example, in the binary classification task, we might write:

t(w,z) = 1]y # sign((x,w))]

This loss is 1 if we misclassify the example z = (x,y) and zero otherwise. The full loss L(w) = E[¢(w,z)] is
simply the probability of misclassifying a random example. In general, when z = (x,y) and we have some model
y =~ f(w,z), it is common for the loss to take the form:

£<W7 Z) = l(f(W,Z)7y)

However, in order to allow for greater generality we will not use this notion of [ and f and consider just the composition
L.

With this idea, we can formally characterize the task of step 2: we are trying to find a w that minimizes the loss
L(w). Thus, step two is trying to identify:

w, = argmin £(w)
weW

We can measure our ability to find the argmin by the suboptimality gap:
L(W) — L(wy)

If we have a small suboptimality gap, then we have done a good job of training the model. Note that this does not
mean that the model is actually good: it might be that £(w,) is actually quite high because we made a poor choice of
model in the first place.

This problem is difficult for two main reasons. The first of these is a computational barrier. It turns out that
minimizing arbitrary functions £ is computationally intractable (in fact, even the example just provided for linear
classification is NP-hard to minimize). This issue is usually addressed by choosing some surrogate loss ¢° with
L5 (w) = E.[¢°(w, 2)]. Then, we need to instead solve the problem:

argmin £ (w)
weW

The surrogate should be chosen such that:



1. £%(w) = L(w).
2. Tt is computationally feasible to minimize £°.

There is some natural tension here: surrogates that more accurately capture the original loss £ may be harder to
minimize.

The second reason the problem is difficult is that usually we do not even know how to evaluate the function L£!.
In particular, we do not know the distribution over z in £(w) = E.[¢(w, z)]. This makes the problem of minimizing
L(w) not just an optimization problem but also a stochastic optimization problem (“‘stochastic” is really just a fancy
word for “involving randomness”).

The classical way to deal with this is through empirical risk minimization. Here, we make use of a dataset
Z1,...,2yN to define:

AS 1 & s
L (W):NZE (W, %)

We make a critical assumption: suppose that each z; is drawn independently from the distribution P,. Intuitively,
we should expect L5 ~ L5 since averages typically approach their mean. Then, instead of trying to minimize £,
which we do not know, we can minimize £°. The function £3 (w) is the empirical loss. This leads to the overall
suboptimality gap:

LW) = L(w,) = L(W) = LI5(W) + LI (W) — L3(W) + LIW) — L5 (w,) +L%(w,) — L(w,)

surrogate quality empirical approximation  suboptimality from algorithm

This idea is called empirical risk minimization because in statistics the loss function is often called the “risk”, and
so L is the “empirical risk”.

Empirical risk minimization comes with the important caveat that the point W, = argmin L5 (w) may not be very
close to the actual minimizer w,. As a result, we can end up with a situation in which

L3(w) < £5(wy)

This is known as overfitting. There is an entire field of statistical learning theory dedicated to understand which
properties of ¢° lead to overfitting and which do not, and there are still many open problems in this area. A similar
amount of work has gone into identifying conditions under which there are reasonable surrogate losses ¢ that are
computationally tractable while also providing sufficiently good approximations to the true loss £. However, for our
purposes whenever we perform empirical risk minimization we will simply assume that the surrogate /° is such that
the overfitting issue is not as important as actually solving the optimization problem. Also, we will generally assume
that the surrogate £° is a good enough approximation to the loss we care about £.

We will usually analyze exclusively the surrogate loss £%(w) = E,[¢°(w, z)]. In order to keep notation simpler,
we will drop the S and simply refer to this as the loss £ and /. If we ever actually need the true losses, it will be made
clear on a case-by-case basis.

There is second way of dealing with the problem of unknown £° that becomes viable when the size N of the
dataset is extremely large, as may happen in some modern language modeling tasks for which data is scraped en
masse off of the internet. In this case, /N might be so large that it is computationally infeasible to look at any one
datapoint z; more than once. In this case we will be able to design algorithms that provably cannot overfit.

Assuming the overfitting problem is negligible, we are left with the managing the quality of the surrogate loss.
Remember that we want to choose the surrogate loss £° such that L(w) = E,[{(W,2z)] =~ E,[¢°(w,z)] = L% (w)
and also such that we are able to design algorithms that minimize £° effectively. A common strategy to ensure that
L5 is minimizable easily is to make £(w, z) a convex function of w for all z. A convex function is one for which the

epigraph:
{(w,k) €R™ k> ((w,2z)}
is a convex set. Algebraically, when £ is differentiable, this implies the inequality for all w, w’

é(wla Z) 2 K(W,Z) + <VE(W7Z),WI - W>



In words, the value of the first-order Taylor approximation to £ at any point w is smaller than the true function value
at all other points. This means that local information at a point w in terms of the gradient V¢(w, z) actually provides
a global bound on the value of /(w, z) at every other point. This property has engendered a vast body of literature on
algorithms for optimizing such losses.

Unfortunately, essentially all of the popular deep learning models used to obtain impressive results today do not
appear to allow for surrogates ¢° that are both good approximations of the true loss £ and also convex. Thus, we will
focus much of our study on what can be done without using convexity.



2 Gradient Descent for Convex Losses

The most commonly used algorithm in machine learning today is (stochastic) gradient descent. Let’s consider this
algorithm first in the deterministic setting to gain some idea for how it works.

Algorithm 1 Gradient Descent
Input: Initial Point w1, learning rate 7, time horizon 7":
fort=1...T do
Set g, = VL(wy).
Set Wip1 = W — N8t
end for

Recall the definition of a convex function:
Definition 2.1. A function L is convex if for all x, there exists some g, such that for all y:
L(y) = L(x) + (gary — T)
When L is differentiable, g, = VL(x).
The definition of convexity has an interesting consequence: if w, = argmin £(w), then we have:
L(w)—L(wy) < (VL(W),w —w,)
So, if we can understand the /inear functions (V.L(w), w — w,), then we will be able to bound the non-linear subop-
timality gap £(w) — £(w.,). In order to do this, we’ll need to assume that our loss is Lipschitz:
Definition 2.2. A function L : R* — R is G-Lipschitz if for all x,y € RY,
|L(z) — L(y)| < Gllz -yl

This definition may be a little strange looking, but it’s actually fairly likely to hold. The intuition here is that the
G in G-Lipschitzness is actually measuring the degree to which £ is continuous. In fact, if W is a compact set, then
any continuous £ must be G-Lipschitz for some G. When L is differentiable, we can phrase G-Lipschitzness in the
following way:

Proposition 2.3. If L is differentiable, then L is G-Lipschitz if and only if |V L(z)|| < G for all x.
Proof. First, suppose |[VL(z)|| > G for some z € R%. By definition of gradient for any vector v, we have:

lim L(z 4 0v) — L(x) — é{v, VL(x))
5§—0 1)

=0

— VL(x) ST TSP
Letv = NZoT Then this implies:

lim L(x+ dv) — L(x)

6—0 )

Thus, if || VL(z)|| > G, there must be some § such that
|L(z + dv) — L(x)] > G

and so £ is not G-Lipschitz. Therefore G-Lipschitzness implies ||[VL(z)|| < G. Now suppose ||VL(x)|| < G for all
z. Then by the fundamental theorem of calculus,

= [IVL()]]

o) = £) = [ G+t =) d

- /0 (VL(y +t(x—y)),z—y)dt

1
s/\wc@+ax—wWM—yWﬂ
0
< Gllz ]
so that £ is G-Lipschitz. O



Here is the standard convergence result for gradient descent:

Theorem 2.4. Suppose L is G-Lipschitz and convex. Suppose |w, — w1 || < D. Setn = 2. Then

GVT

T
> L(wi) - L(w,) < GDVT

t=1

In particular, if W is selected uniformly at random from w+, . .., W,
GD
EIL(W) — L(w,)] < —
o) = £wi)) < 22

Proof. The proof is quite short, although the technique may seem a bit magical:
[Werr —wol? = [w =9V L(w,) — w,||?
= [lwe = Wil = 20(VL(W), Wi — W) + 17| VL(wy) ||
rearranging terms:

— 2 _ _ 2 2
(VL) —wa) < Ll e F gl VE(wo]
n

using convexity:

— 2 _ _ 2 2
o)~ 2w < el Sl alVEwo)l

Use G-Lipschitzness:

o lwe = wl? = flwes = will? | nG?

- 2n 2
Now, sum over all ¢:
T T 2 2 2
Wi — W — [|wips — W G
ZL(Wt) _ £(W*) < Z || t *H H t+1 *” + n
t=1 t=1 2n 2

The sum telescopes:

W= walP [ wras = wa? | 7G

2n 2
< l;; + ’7T2G2
Now, use our setting for 7:
= DGVT
Now, if W is chosen uniformly at random from w1, . .., wp, then by definition:
A 1 GD
E[L(W) = L(w.)] = ; L(w) — L(w,) < N



This result has a few lessons for us:

1. This is an upper bound. This means that the actual performance of the algorithm might be much better than we
have shown here. In practice, this is often true.

2. We only make a statement about a randomly chosen iterate, rather than the last iterate. This is very common in
analysis of optimization methods (at least in the stochastic case). In practice however, it is common to simply
take w = wr.

3. Most of the analysis is done without using the value of 7 - instead it is only substituted at the end. You can see
from the analysis that we chose 1 = GL\;T specifically to minimize the final expression. Other choices would
still converge.

4. The learning rate is O(1/+/T'). This will show up in the non-convex case as well.

3 Stochastic Convex Losses

Now that we’ve seen how to analyze gradient descent for deterministic convex losses, let’s consider the more practical
stochastic case. Remember in the stochastic setting we assume:

£(w) = E [Hw.2)

Let’s assume that £(w, z) is differentiable as a function of w for all z. Then, we have the following:

Proposition 3.1. If £(w) : R? — Ris given by L(w) = E.~p.[((W, )] and {(w, ) is differentiable as a function of
w for all z, then:

VL(w) = IZE[VE(W7 2)]

Proof. Define p(z) to be the probability density function of z. Then we have:
VL(w) = VE[{(w,2)]
= V/E(w, 2)p(z)dz

interchanging integration and differentation:

For the very technical minded reader, this proof has a couple holes: we assumed z has a density p(z), and we
assumed that it is indeed possible to exchange integration and differentiation. Both of these are not fatal issues: instead
of p(z)dz, we may integrate with respect to the probability measure dy(z) if there is not density. For the interchange
of integration and differentiation, we can overcome this by adding the assumption that for any w V¢(w, z) is bounded
on some closed ball centered at w. This assumption is true for all functions you are likely to ever encounter in practice.

O

This Lemma gives us a way to provide an unbiased estimate of the gradient V.L(w) at any point w: simply
sample some z ~ P, and return V{(w, z). An unbaised estimator for a quantity X is a random variable Y such
that E[Y] = X. Unbiased estimators are useful because if you can generate many independent unbiased estimates
Yi,..., Yy, then their average 3 Zz 1 Y; will converge to X as IV grows.

So, our stochastic gradient descent algorithm will be essentially the same as regular gradient descent, but we will
substitute an unbiased gradient estimate instead of the true gradient (Algorithm 2).

Let’s analyze the convergence of this algorithm under the assumption that £ is convex:



Algorithm 2 Stochastic Gradient Descent
Input: Initial Point w, learning rate 7, time horizon 7":
fort=1...T do
Sample z; ~ P,
Set g = VU(wy, zt).
Set Wip1 = Wy — N8t
end for

Theorem 3.2. Suppose that L is convex and that {(w, z) is G-Lipschitz. Suppose |w1 — w,| < D. Then with
D

n=sevr
T
E [Z L(w;) — L(w,)| < DGVT
t=1
If w is selected uniformly at random from w1, ..., Wr,
DG

E[L(w) — L(w,)] < 7T

Proof. The proof is actually very similar to the proof for the deterministic case, but we put expectations around many
quantities and use the unbiasedness property E[V{(wy, z)|w:] = V.L(w,). All expectations presented here are over
the randomness of the algorithms (i.e. over the choices 21, ..., z7) unless otherwise specified:

Elllwers — wil?] = Elllwe — nge — w.|?]

= Elllwe — w.|I* = 20(ge, Wi — wa) + 177l ]

rearranging:
Elllw: — w,||? — ||w — Wy 2 E 2
Ellgr, wi — w,)] = [lw: — w.|] . [Wet1 "], nEllg:|’]
n 2
Now, from unbiasedness and convexity, we have:
E[(g:, Wi — W,)| = E [E[(g, w: — wWi)lz1, ..., 2z—1]]
ZtyeesZt—1
now, observe that w; is a deterministic function of 21, ..., z;_1, and that g; is independent of 2y, ..., 2,1 given wy:
= B [El(gowe—wa)lul
= E [(VL(wi), wi —wy)]
214052t —1
Further, V£L(w;) and w; are independent of z, ..., zr:
= E[(VL(Wy), Wi — w,)]
> E[L(wy) — L(w,)]
So, plugging this in:
Elllw: — w,||? = ||w — Wy 2 E 2
E[E(Wt) —,C(W*)] < [H t *H 5 H t+1 || ] + n [HgtH ]
n 2
T
Ellwe — wall® = [[wesr — wi|P] | nE[llge]?]
L —L(wy,)| <
E tz:; (wy) (wy)| < ; 2 + 5




Telescoping the first sum, and using ||g:|| < G-

Ellw: —w.? | TG
2n 2

< DGNT

<

Now, for the last statement in the Theorem, again use the fact that

T
EIL(W) — £(w.)] = E | 7 0 £lwe) — £(ws)

There are a couple interesting points about this proof:
1. The result appears essentially the same as in the deterministic case.

2. The expectation in the final statement is now over both the randomness in the choice of W and also the random-
ness in the z;s.

3. The G here is a bound on |[V{(w, z)||, which could be much larger than the G in Theorem[2.4] which is only a
bound on ||[VL(w)]|.

Let’s compare the fotal computation required by the deterministic and the stochastic versions of gradient descent.
Suppose we are performing empirical risk minimization, so that the objective is

1N
L= N;f(w,zi)

Then, to compute VL(w) = + Zivzl Vi(w, z;) takes N total gradient computations, so O(N) time.
On the other hand, we can re-write L as:

L= E[[(W, Z)}
z
where P, is the uniform distribution over z1, ..., zn. Then, to the gradient estimate g;, we choose some z uniformly
at random from 21, . .., zy and compute g; = V/¢(w, z). This takes only one gradient evaluation, so O(1) time.

As aresult, after T iterations of gradient descent, we have spent O(NT') gradient computations, but with stochastic
gradient descent, we have spent only O(T") gradient computations. Since in both cases the converge rate is only a
function of 7" and not N, This makes it seem like stochastic gradient descent is significantly better than deterministic
gradient descent.

However, there is a caveat: the G in Theorem[2.4]is potentially much smaller than the G in Theorem[3.2} so that it
is possible that one would be better off with gradient descent. However, in general this is unlikely: G would have to
be v/N times larger and as we collect more data (so N grows), this becomes less and less plausible.

3.1 Generalization of SGD

Remember that one issue that can come up when using ERM to solve machine learning problems is overfitting, in
which performance on the empirical risk + Zf\il £(W, z;) is much better than the true loss L(Ww) = E[¢(W, 2)].

One of the magical properties of SGD is that it can in some sense provably avoid overfitting. The procedure is the
following: given an i.i.d. dataset 21, ..., zn, run SGD for N iterations (and no more!) using each datapoint one after
the other with no repeating (sample without replacement). Then a random selected iterate will satisfy:

DG
E[L(W) — L(Wy)] £ —=
£(w) — £lwa) < 2
Notice that this is a statement about the true loss £, not the empirical risk! Not only that, the dependency on N is
actually statistically optimal up to constant factors in many cases although this is not so easy to see.

10



3.2 SGD for ERM

However, in practice it seems that minimizing the empirical risk frequently is superior to a single-pass over the dataset.
So how can we use SGD to minimize the empirical risk? We have already discussed how if L is the ERM-loss,
L(w) = E..pll(w,z)], where P is the uniform distribution over z1, . .., zy. So you could just run SGD using this
distribution.

In practice, however, it is more common to run the following procedure:

Algorithm 3 Stochastic Gradient Descent for ERM with shuffling
Input: Initial Point wq, learning rate 7, time horizon 7', dataset 21, ..., zn:
Initialize t = 1.
fore=1...T/N do

fori=1...Ndo
Set gy = Vi(wy, z;).
Set Wir1 = W — N8t
t<1t+1.
end for
Optionally shuffle the dataset into a new random order.
end for

This algorithm is typically much better in practice than using with-replacement sampling, but the reasons are still
somewhat mysterious. Sampling at random for every iteration is much simpler to analyze, and analyses of the in-order
scheme are only recently showing improvements. For recent references, see Nguyen et al. 2020; Mishchenko, Khaled,
and Richtarik 2020

11



4 Non-Convex Gradient Descent on Smooth Losses

Starting in this section, and for much of this course, we will consider exclusively losses £ that are smooth:

Definition 4.1. A function £ : R¢ — R is H-smooth if L is differentiable at all x € R?, and for all x,yy € W,
IVL(z) = VL)l < Hl|lz -y

Let’s be clear: there are plenty of losses out there that are not smooth, or are only smooth with a very large value
of H. However, without some kind of assumption about the loss it is very difficult to prove anything about how an
algorithm will operate. Similarly to the way that G-Lipschitzness is the same as the gradient being bounded by G when
L is differentiable, H-smoothness is the same as the Hessian being bounded by H when £ is twice-differentiable:

Proposition 4.2. Suppose L is twice differentiable. Then L is H-smooth if and only if |V2L(w)||,, < H for all w.

Proof. The proof is essentially the same as in the Lipschitz case. Suppose £ is H-smooth. Let x be some arbitrary
point and let v be an arbitary unit vector. Define f : R — R by f(t) = L(z + tv). Then by definition of directional
derivatives, f'(0) = (VL(z + tv),v) and f”(0) = V2L(z + tv)v. Now we have:

IV2L(2)v]l = " (0)]

’ o

| SO 10
6—0 §

— tim (VL(x + 0v) — VL(x),v)
§—0 1)

< o ¥ £ 50) ~ V2@ o]
6—0 1)

<H

Now since = and v were arbitrary, ||£(w)||op < H for all w.
On the other hand, suppose ||L(w)||op, < H for all w. Let x, y be arbitrary points and set v = %.
Define f : R — Rby f(t) = (VL(y+t(z—y)),v). Then by chain-rule, we have f'(t) = v V2L(y+t(x—y))(z—y).

Also, by mean-value theorem, there exists some ¢ € [0, 1] such that:

f@) = £(0) = f'(t)
(VL(x) = VL(Y),v) = v VEL(y + t(z —y))(z —y)
(

IVL(x) = VL) = [v"V2L(y + t(z — y))(z — y)|
< llIV2LQy + tlz = y)) (@ — y)ll
< |[lvl|H]lz =y
= Hljz -yl

O

Smoothness is at least approximately satisfied by essentially any continuous function, in the sense that any contin-
uous function can be replaced with an approximation that is smooth. The quality of the approximation can be traded
off for the amount of smoothness. Formally, by the Stone-Weiertrass approximation theorem, any function £ can be
arbitrarily well approximationed by a function with infinitely many derivatives. Moreover, for twice-differentiable
functions, the following theorem (which intuitively captures the idea of “gaussian blur’’) holds:

Theorem 4.3. Let £ : R? — R be a G-Lipschitz twice-differentiable function. Then for any v > 0, consider

Lz)= E [L(z+)
y~N(0,I)

where y ~ N(0,1) indicates that y is sampled from a standard multivariate Gaussian distribution. Then L is G-
Lipschitz and Gvd /7y-smooth and for all x € W,

|L(z) - L(x)] < 1GVd

12



Proof. Let p(y) indicate the Gaussian pdf. Then we have:
L(z) = Ll +ay)p(y) dy
R
Now, we show the approximation quality:

£w) = £@)I < [ 166+ 7) = £@lpty) dy

< / 2Gllyllp(y) dy
Rd

<~GE[lyl]

< GVE[llyl]?]
= vGVd

Next, we show Lipschitzness. Since £(z + vy)p(y) is continuously differentiable in both x and y, we have:

V.L(z) = g Vi L(z +vy)p(y) dy

IV L)l < EllVaL(z +y9)l]
<G

Finally, the most tricky property is smoothness. For this, observe that since % (x+y) = %%(z + ~yy), it holds
that Vp(y) = yp(y). Further, V3  L(z + vy) = V2, yL(x + vy). Then, we have:

V2, L(z) = /R , V2 L@+ vy)p(y) dy

1
=~ / V2., Llx+yy)ply) dy
Y JRd

by integration by parts (since p(y) — 0 for y — o0):

1
=— [ VoL(z+y)y ply)dy
Y JRre

V2@l <G [l dy
_ GVd
Y
O

Because we will not be assuming that £ is convex, in general we will not be able to actually show that our
algorithms in fact minimizes £. Instead, we will often simply try to approach a critical point:

Definition 4.4. A critical point, or first-order stationary point of L is a point x such that VL (x) = 0.

The search for critical points is motivated by the observation that any minimizer of £ must also be a critical point,
so that finding a critical point is a necessary but not sufficient condition for actually minimizing £. There is some
active research investigating the degree to which this condition may actually be sufficient. In fact, one of the key
desirable properties of convex functions is that any critical point must also minimize L.

Since finding a point where the gradient is exactly zero may be difficult, we will instead relax the goal slightly to
find an approximate critical point:

Definition 4.5. A c-approximate critical point of L is a point x such that |[VL(x)|| < €
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Algorithm 2 Gradient Descent
Input: Initial Point w, learning rate 7, time horizon 7":
fort=1...T do
Set gy = VL(wy).
Set wiy1 = Wy — 1ngy.
end for

Now let’s re-analyze gradient descent assuming smoothness, but not convexity.
In order to do this, we need the following critical Lemma about how the gradient influences the local behavior of
a smooth function:

Lemma 4.6. Suppose L is H-smooth. Then for any w and v,
H o
L(w+v) < L(w) +(VL(W),v) + S [lv]

Proof. Since L is differentiable (since all smooth functions are differentiable), we can apply the fundamental theorem
of calculus to get:

L(w+v)=L(w) —I—/O %E(w +tv)dt

=L(w)+ /01<V£(W +tv),v)dt

= L(w) + /01<V£(W),v> dt + (VL(w +tv) — VL(w), V) dt

=L(w)+ (VL(w),v) + /o (VL(w+tv) —VL(W),v)dt

1
< L(w) +(VL(w),V) +/0 IVL(w +tv) — VL(W)|||v] dt

Now use the fact that £ is H-smooth:

1
< L(w) +(VL(w),v) +/0 H[tv|[||v]| dt
< L(w) + (VL(W), V) +HHv||2/ Lt

0

< L(w) + (VL(W), v) + gHVH2

O

This Lemma is a foundational result that enables almost all analysis of gradient-descent based algorithms today.
Let us see it in action by using it to understand what happens in one step of gradient descent:

Lemma 4.7. Suppose L is H-smooth. Then every step of gradient descent (Algorithm[I)) satisfies:

ﬁwwnscm»—(vf”)wvawmﬁ

2
Moreover, if 0 < n < %,

Llwii1) < L{wy) = 2| VL(wy)|

14



Proof. The second statement of the Lemma follows immediately from the first statement, so let’s just prove the first
statement. This turns out to be a nearly immediate consequence of the key Lemma 4.6}

H
LWir1) < L(we) + (VL(We), Werr = We) + o [wees — w|?
now use the fact that wy 1 — wy; = —nV.L(wy):
2 M 5 2
= Lwe) =0 VLW " + S0 [[VL(w) |

= L(wy) — (1 - H;) | VL(x:)|?

O

This Lemma tells us that the function progress of gradient descent is related to the gradient magnitude. Instead of
being directly proportional, it is proportional to the square of the gradient magnitude. This is because there are two
compounding effects that make function progress slow down when the gradient is small: first, a small gradient means
that w1 is closer to w;. Second, a small gradient means that the change in function value produced by a change in
input w is small.

So, let’s use this knowledge to show that gradient descent will find an approximate critical point, and quantify the
number of gradient computations required to do so:

Theorem 4.8. Suppose L is H-smooth, and 1 < . Define A = L(w1) — infy, L(w). Then gradient descent
guarantees:

T

2A
DoIVLw)? < =
t=1 N

In particular, if n = % and W is selected from w1, . . ., wr uniformly at random, we have:
. V2HA
ElIVLW)I] <
vT

Proof. By Lemma[4.7] we have:
Llwei) < L(wi) = VLW

L(Wi1) — L(w;) < ﬂnvc(wt)n?

N)

now, sum over ¢ from 1 to 7". Notice that we never compute w1, but it still exists for analysis:

T

T
D L(wir) - Z

t=1

IVL(w:)|?

1\3\3

The left hand side is a telescoping sum:

L(wri1) = L(wr) < —Z SIVL(w)[I?

~

% (L(w1) — Lwr1)

IA

D IVL(we)l?

t=1

> IVL(wo)®

Pt U

~

2A

IN
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Now for the second part of the Theorem, notice that w is chosen at randomfrom w1, . . ., wrp, then:

o 2A
E[IVL(W =7 Z IVL(w:)|* < T
Next, by Jensen inequality,
E[IVLW)[] < VE[IVLW)|?]
so that plugging in the value = % finishes the proof. O

4.1 How to Invent Gradient Descent

Although the preceeding analysis shows that gradient descent has some favorable properties, one might wonder why
we consider this algorithm at all. Is it just based on some weird physical intuition? There isn’t actually any physics
happening here, so there’s no particular reason to believe that physical intuition is actually useful - maybe we can
actually make algorithms that perform better than gradient descent! It turns out that often one can indeed do better
than gradient descent, and we will look a bit at such algorithms later, but regardless there is a little more reason in the
design of the gradient descent algorithm than simply pulling it out of a hat.

Let’s try to design an iterative algorithm for optimizing £ from first principles. One desirable property might be
that we want the function to continuously decrease as the algorithm progresses. That is, £(wy41) < £(w;). Further,
we want the decrease to happen as fast as possible, so that £(w;) — L(w1) is as large as possible.

To do this, we’ll consider a local upper bound on L. That is, given w;, we will define a new function Uy,, such
that:

1. th (Wt) = ﬁ(Wt)
2. Uw,(w) > L(w) for all w.
3. Uy, is “simple” in the sense that we can easily compute the minimizer argmin,,, Uy, (W) in closed form.

The idea is that Us,, should somehow encapsulate the information available to the algorithm about £ near the point
Wit.
Given such an upper bound, our algorithm will be:

1. Form Usy,.
2. Set wyqq = argmin Uy, (W).
This algorithm is guaranteed to have £(wy1) < L£(w;) because:
L(Wir1) < U, (Wip1) < U, (Wi) = L(wy)

Furthermore, the “gap” between £(w;;1) and £(w;) can be lower bounded by Uy, (w¢) — Uy, (W¢11). Thus, by
setting w41 = argmin Uy,,, we are maximizing this gap. It only remains to find a reasonable candidate for Uy,,. To
this end, we again apply the key Lemma 4.6}

Proposition 4.9. Suppose L is H-smooth. For any x, define Ux(y) = L(x) + (VL(x),y — x) + Z||x — y||%. Then
forally:

L(x) = Ux(x)
L(y) < Ux(y)
Furthermore,
argminUx(y) = x — VLX)
y H

16



Proof. First, it is clear from the definition that £(x) = Ux(x). Next, the statement L(y) < Ux(y) follows directly
from Lemma[4.6] Finally, differentiating with respect to y shows that to compute the argmin we need:

0=VL(x)-H(x—Yy)
so solving for y yields the last part of the result. O

Notice that this Proposition actually recovers the gradient descent algorithm, and automatically is using the best
learning rate! This strategy of defining a bounding function U is a common theme in optimization of which gradient
descent is simply the first example. This should immediately suggest a way to perhaps improve the algorithm: if we
could come up with a better bound U, maybe we could make a better algorithm.

17



5 Non-Convex Stochastic Gradient Descent and Decreasing Learning Rates

Previously, we showed that gradient descent can find critical points of smooth functions in the deterministic setting.
Now, we’ll consider the stochastic setting. Let’s recall the SGD procedure.

Algorithm 3 Stochastic Gradient Descent
Input: Initial Point w, learning rate 7, time horizon 7":
fort=1...T do
Sample z; ~ P,
Set g, = VUl(wy, z;).
Set Wip1 = Wy — N8t
end for

The classic analysis of stochastic gradient descent is as follows:

Theorem 5.1. Suppose L is H-smooth, and V{(w, z) is G-Lipschitz. Let us consider SGD with a fixed learning rate
ny = 1 for all t. Then Algorithm 2] guarantees:

T

A HTnG?
S ENVL(W)) 7
t=1 77 2

Further, if we setn = ij%, then:

T
> ENVL(w)|P] < GV2AHT
t=1

, then if W is selected uniformly at random from w, . .., wr,
. GvV2AH
ENVEWI] < — 77—

In comparison to the rate for deterministic problems, we have moved from O(1/v/T) to O(1/T*/%), so that in the
non-convex setting there is a significant price to be paid for stochasticity.

Proof. From the main lemma on smooth losses:

H
Lwir1) < L(we) + (VL(We), Weps — we) + o [[wees = w2

Hn?|g|?
= L(wi) —n(VL(W), ) + %

H 2G2
< L(we) = n(VL(W), 8e) + 772

G

E[L(Wer1)] < E[L(We) — 0| VL(w)|* + ]

2

sum over ¢ and rearrange:

T

A HnTG?
ZEHVEWt H | < —+ 1
t=1 n 2

This shows the first part of the theorem. The second parts follow from plugging in the given value for 1 and Jensen
inequality. O
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Theorem 5.2. Suppose L is H-smooth, and V{(w, z) has variance at most o for all w (that is for all w, EZ I Vel(w, z)—
VL(w)|[?] < 0?). Let us consider SGD with a fixed learning rate 1, = n for all t. Then so long asn < 37, Algorithm
Bl guarantees:

T

2A
> ElVL(w)|?] < == + HTno?
t=1 n

VA
Further, if we set n = min ( a\/ﬁ)’ then:

T
> ElVL(W)|?] < 2AH + 30VAHT
t=1

, then if W is selected uniformly at random from w1, ..., Wr,
VLl < V2AH /30vAH
E[IVL(W)[] < N

Notice that the second statement of the Theorem bounds the expected gradient norm by a sum of two terms. The
first term is identical to the bound for non-stochastic gradient descent, while the second term depends on the variance
o and has a slower O(1/T"/%) rate of dependence on the time 7.

Proof. Again, let’s use our understanding of smooth losses to bound the progress made in one step of stochastic
gradient descent:

H
L(Weir) < LIWe) + (VL(We), Werr = We) + o [ Weg1 — wi||®

H 2
= L{wi) = n{VL(w.). &) + =5 el

Now, in deference to the randomness of our situation, we take the expected value of both sides:
H 2
E[L(Wit1)] < E[L(wy)] — nE[VL(We), ge)] + ——

n 2
S Elliil)

Now, use the fact that E[g;|w:] = V.L(w;), so that:

= ElL(w)] ~ nEIIVL(w) I + - Ellgl

From bias variance decomposition:
o HY 2 2
< E[L(we)] = nE[[VL(w)[IP] + == E[[VL(wW)I" + o]
Hn?0?

= E[L(wo)] = n(1 = nH/2) E[|VL(W.)[*] + —

Since n

IN
=

20.2

< Ele(wa)] — LEIveiwl?) + T

Summing over t and telescoping:

T 2 2
1 Hino
E[L(Wry1) — 25 VLW + —5
T
2A
> ElIVL(W)|’] € = + HTyo?
t=1 n
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This proves the first part of the Theorem. Now, for the second part we consider the provided setting for 7. There

are two cases, either n = 1 < \/‘/;ﬁ ornot. If n = %, then:

T

2A
E E[[[VL(w)|]?] < o + HTno?
t=1

=2AH + HTno?

Further, since n < VA R

q
3y
)ﬂ

HTno? < ovVAHT

so altogether:

T
STENVL(W)|?) < 2AH + oVAHT

t=1
Next, consider the case = a\/‘/%. Then, by plugging in 7, we have:
T
2A
> ElIVL(w)|?] < == + HTno?
t=1 N
=30VAHT

so overall, we have that 23:1 E[|VL(w,)||?] is bounded by the maximum of these quantities, which is

T
STENVL(w)|?) < 2AH + 30VAHT
t=1

Now, for the final statement of the theorem, divide by T" and apply Jensen’s inequality:

EIVEI] < | D ENTLw)
\/2AH+30\/AH
<y 52+
< V2AH /3ovVAH
<=7t

O

Theorem [5.2] has the problem that the learning rate 7 is set based on various parameters like H, o and T, which
are presumably not actually known. In practice, the common strategy is to simply guess the learning rate. That is:

1. Try several learning rates out.
2. Choose the one that resulted in best performance on a validation set.

However, it is possible to make some guarantees without requiring detailed settings for 7. The standard approach is
to set 7, o %, and to rely on some kind of Lipschitz assumption. For example, one could assume that ||V{(w, z)|| <
G always. This would be implied it #/(w, Z) is G-Lipschitz as a function of w. In fact, we can make do with a
slightly weaker assumption that E[||V¢(w, z)||?] < G2. Note that we do not need to know G in order to guarantee
convergence, although knowing it might allow us to set the ¢ coefficient in 7; more optimally.
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Theorem 5.3. Suppose L is H-smooth, and V{(w, z) satisfies E.[||V{(w, 2)||?] < G? forall w. Letn; > -+ > nr
be an arbitrary deterministic and decreasing learning rate schedule. Then:

Nl

T T
A HG?
> E{ IV L(w } < n 2
£ | t || TUT 2Tnr 2 un

Next, set ny = % for some c. Then:

1 — ) A HG2c(1+log(T))
T E[IVEI] < —m+ ==

In particular, if w is randomly selected from w, ..., wr, then

\/A/c +G2cH 1+10g(T)
T1/4

E[IVLW)] <

Proof. Again we have

H
L(Wii1) < L(Wy) + (VL(W), Wiyt — W) + 5||Wt+1 —wy?

H 2
= L(wi) = m{L(wi), &) + =5 lle”
Hn?G?

E[L(Wii1)] < E[L(w)] — e E[|[VL(w,)[?] + >

Again we sum over ¢ and telescope:

E[C(Wr )] < Znt 9w + 2

Use the fact that np < n; for all ¢:

T 5 T
< ElL(wn)] —nr SO ENVLw P + o

t=1 t=1

n;

rearrange terms:

T

T
1 [[,(Wl) - ,C(WT+1 HG2
T g ElIVL(w)|] Tor + gy - Z

so that we have shown the first part of the Theorem. Now, we get to use an identity that will become useful time and
time again:
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Therefore, we have:

T T
1 2 EIL(w1) = Lwra)] | HG2 S
— <
7 2 ElIVEwI < — + g D
o CHG2 Z
= cf
< A L cHG2(1 + log(T))
VT 2T
The final statement follows from taking square roots and using Jensen inequality. O

6 Minibatch SGD

While SGD is the basis for almost all the popular algorithms in use for training neural networks today, most of the
time a number of different modifications are put in place. By far the most common change is the use of minibatches
(in fact, minibatches are almost never not used). Minibatching is a way to leverage parallelism to speed up the total
amount of time taken to train a model. The entire training set is called the “batch”, and a random small subset of the
training set is called a “minibatch”. Using a minibatch is straightforward: any time you wish to call the stochastic
gradient oracle, instead call it B times and return the average of those B vectors. B is called the minibatch size. The
code for the most basic version of minibatch SGD is below:

Algorithm 4 Minibatch Stochastic Gradient Descent
Input: Initial Point wq, learning rates 71, . . ., nr, time horizon 7', batch size B.
fort=1...Tdo
fori=1...Bdo
8ti = Vf(Wt»Z(t—l)BH)
end for
Setg: = % Eil 8t.i-
Set w1 = wy — 7:8s.
end for

Let’s analyze this algorithm. In order to do so, we are gomg to re-use the analysis of Theorem [5.2] by considering
g: as the output of a stochastic gradient oracle with variance 7. Specifically:

Proposition 6.1. InAlgorithm suppose E,|[||VU(w,z)—VL(W)|?] < o2 forall w. ThenE[||g:—VL(w)||?] < %

Proof. This is a standard property of averages: they decrease the variance by the number of averaged items.

[ (e see)

B
1
- |E [} gt — VLW
i=1

2

Elllge — VL(we)||?]

Z<gt,i — VL( W), gt — VL(Wy))
i#]

Using E[||gti — VL(W¢)||?] < 02 and E[gt,; — VL(w)] =0,
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Now, we notice that Algorithmf]is actually the same as Algorithm[2] with the difference that the gradient estimates
g have variance decreased to 02/ B. Therefore by Theorem

Theorem 6.2. Suppose L is H-smooth, and N {(w) has variance at most o2 for all w (that is for all w, E[||[V{(w) —
VL(w)|[?] < 0?). Let us consider a fixed learning rate n, = 1 for all t. Then so long as n < 4, Algorithm
guarantees:

T
2A  HTno?
DEIVEm) ] < =5+ =

t=1

Further, if we setn = ————Y — then if w is selected uniformly at random from w1, . .., W,
f n max(H,J\/W/B) f f y f 1 y WT

V2AH  \/o(1+2A)HY/*
VT (BT

Let’s take a moment to appreciate how the learning rates changed when we incorporated the minibatch. For large
enough 7', the learning rate suggested by the theory is:

E[IVLW)]] <

N X

SIS

and the gradient size identified is:

ElIVL9)I) < O gz577)

When considering the total computational cost, we notice that when using a minibatch of size B, each iteration
takes B times more compute since we need to compute B gradients. Thus the cost is C' = T'B. This is also the oracle
complexity - the number of calls to the stochastic gradient oracle. Re-writing these results:

B
E[IVLW)[] < O(—nr

01/4)

The first lesson here is that the gradient size is independent of the batch size. In fact, if we are more careful we would
see that the best thing to optimize the constants hiding in this analysis is to set B = 1.

In one point of view, this is a bad thing: we increased the batch size, but the performance may not get any
better! Fortunately, although we may not save on total compute cost, we might actually save in terms of fotal time.
Specifically, the B computations g; ; = V(W¢, 2(1—1)p+i) in AlgorithmE]can all be done in parallel. So, in theory if
we had access to M machines and ignore a plethora of issues involving communication overheads, we might be able
to have the total time spent by the algorithm equal to 7 = % Thus, in time 7 we have:

£l V269)1] < O )

and so there is a clear advantage to increasing the batch size. However, there is a caveat here: all of this analysis only
holds for sufficiently large 7T'. If we have B > T, then we hit a point of diminishing returns:

Exercise 6.3. Show that for B > T, the optimal value for n obtains only:

ElI Ve < O(=) = o<g>

so that increasing B may be actively harmful. Can you think of an intuitive reason why this should be expected?
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7 Automatic Differentiation

Note: throughout this section, we will usually use the notation z[a] to indicate the ath component of a vector z,
M{a, b] to indicate the a, bth entry of a matrix M and so on in order to make correspondence between formulas and
code as close as possible.

One of the most important advances in machine learning engineering of recent years is actually based on very old
classical ideas: automatic differentiation. The development of robust automatic differentiation packages over the last
decade (e.g. Tensorflow, Pytorch), has significantly simplified and accelerated the development of machine learning
models and training algorithms. Since almost all optimization algorithms in use today are based on derivatives, the
ability to easily compute derivatives is critical. Prior to the widespread adoption of automatic differentiation, one
needed to manually code up derivative formulas, which was not only tedious but also very error-prone and increasingly
difficult as models become more complex. Automatic differentiation significantly simplifies this process.

Some of the techniques in automatic differentiation go back to Leibniz, and have been refined (and rediscovered)
several times in recent decades, most famously in the “backpropogation” algorithm Rumelhart, Hinton, and Williams
1986. In this section we will cover the most common form of automatic differentiation used in machine learning, which
is called “reverse-mode differentiation”. It can be viewed as a generalization of the backpropogation algorithm that
you may be familiar with, and is the underlying method implemented in popular packages like Tensorflow and Pytorch.
Please also see Baydin et al.[2018|for an excellent survey of this topic, including a description of the “forward-mode
differentiation” that we will not cover here.

What AD does

In order to understand how automatic differentiation works, we need to first understand what it will accomplish.
Automatic differentiation will allow us to write some code describing a function f : R — R, and then given an input
x, we will be able to compute the derivative f'(x). Now, for one-dimensional functions like this there is already an
intuitively obvious way to compute an approximate derivative: simply take some small & and set f/(z) ~ M
This method, which we will call numerical differentiation, has three main issues:

1. Numerical differentiation is less exact as h gets bigger.
2. Numerical differentiation suffers larger and larger floating point round-off error as h gets smaller.

3. Numerical differentiation requires O(d) evaluations of f to compute a gradient when f : R? — R (need to
~ flathe)—f(z)y

h

compute each component of of V f(x) individually by V f(x);

The first two issues mean that numerical differentiation is fundamentally a little bit inaccurate. This is not necessarily
a fatal flaw - small errors in the gradient computation may be tolerable in our optimization algorithm. The last issue
is much more important as in machine learning we typically consider models with a very large number of parameters
(high d), and so computing the gradient would be very slow. Automatic differentiation fixes the first two issues, and
usually allows us to compute a gradient in roughly twice the amount of time it takes to compute f, which is a huge
saving at high dimensions.

AD is NOT symbolic differentiation

You may have experience with symbolic algebra packages (e.g. mathematica, or sufficiently advanced graphing cal-
culators). These systems can “symbolically” differentiate: given a function f(x) = 2% + 3x, they will describe the
derivative as a symbolic expression f’(x) = 2z + 3. Thus, these systems actually mimic the way we as humans would
compute derivatives. However, this is more work than really we need: no optimization algorithm we will consider
actually needs the full expression for the derivative, we just need to be able to evaluate f'(z) for specific values of x.
Automatic differentiation provides this capacity without actually computing the symbolic expression for the derivative.
In fact, computing the symbolic derivative is also slow just like numerical differentiation.
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7.1 Derivatives

Now that we know a bit about what our goal will be, we need to take another step back and understand exactly what
a derivative is. In these notes, when we speak of the derivative, we mean the “total derivative”, which is defined as
follows:

Definition 7.1. A function f : R™ — R™ is differentiable at a point x € R" if there exists a linear map D¢ , : R" —
R™ such that:

o J@ D) = F@) = Dyal) _
"o A1

The linear map Dy ., is called the Total Derivative (or just derivative) of [ at x.

In words, the derivative is the linear approximation to the function f that is valid near z. As an exercise, take a
moment to see why the above definition agrees with the standard definition you may have learned in a basic calculus
class, where we would write the linear map Dy, as Dy, (h) = f'(x) - h. Further, note that the domain and range of
f and the derivative Dy . are identical. For a more formal treatment, when f is a function of smooth manifolds rather
than vector spaces, technically the domain and range of Dy , should be the fangent spaces to the domain and range
of f at x and f(x) respectively, but in our scenario for which the domain and range of f are both vector spaces this
distinction is not relevant. For a nice introduction to the formalism of functions and derivatives on manifolds see Tu
20111

Remark on Notation: We use the particular notation D¢ . rather than the potentially more familiar notation % since

the relevant expression is a linear map and even less related to a fraction than the standard scalar derivative is (which
was anyway already not that related to a fraction). Later, we will discuss partial derivatives using a similar notation
instead of the more familiar {?Tfi' While our notation allows for a little more precision, once you become comfortable
with the ideas it is fine to use the fraction-style notation to keep things a little more compact with fewer subscripts.

This definition may seem a little abstract. How can we actually compute the derivative? Notice that Dy, is a
linear map, and so can be represented by a matrix in R”>". It turns out that so long as all partial derivatives of f exist
and are continuous, we can write the 7, jth component of Dy ; as:

Dyalid) = 0
’ O[]
where we use f(z)[¢] to indicate the ith component of f(z) € R™. This matrix is called the Jacobian. For essentially
all practical purposes, you may assume that the Jacobian is equal to the total derivative: we will never consider any
situation in which this is not the case.

Finally, notice that in the special case that f : R™ — R, the total derivative is a linear map R® — R, which can be
represented as a 1 X m matrix, or a transposed vector. Inspecting the formula for the total derivative, one sees that this
is exactly the same as the familiar gradient. Thus, after we develop machinery to compute general derivatives, we can
easily apply the techniques to compute gradients, which are of particular interest in the algorithms used in machine
learning.

The total derivative defined this way satisfies familiar properties from scalar calculus:

1. The derivative is linear: for functions f and g and a scalar ¢, D¢y » = cDy and Dy g o = Dy o+ Dy 0.

2. The derivative satisfies the following generalization of the chain rule: If f : R» — R™ and g : R™ — R, then
Dgote = Dy, () © Dt

The chain rule is particularly important for automatic differentiation. Let’s take a moment to appreciate what’s
happening here, since the composition notation can be a bit confusing. Suppose f : R» — R™ and g : R™ — RF are
two different functions, then we can draw the following diagra

Ithis sort of diagram, in which nodes are labeled by sets and arrow functions and any two paths between nodes represent the same function is
called commutative diagram in mathematics.
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Rt —L 5 R 2, RE

R" —— R" -— R¥
fx

U

Doy,

Thus, g o f is a function R™ — R*. so the derivative Do ¢,z should be a linear function R — RF. The chain rule
then says that the linear function obtained by first moving from R™ to R™ via the linear map Dy , and then moving to
R¥ via the linear map D, f(,) is equal to the derivative Do 5.

Finally, to make this more concrete, remember that for all practical settings, the derivative is given by the Jacobian
matrix of partial derivatives. Further, composition of linear functions is the same as multiplication of the corresponding
matrices. Let’s consider a particular example: suppose n = 2,m = 2, k = 3. Define f and g as:

f(x) = (2[1],1 + 2[0])
9(2) = (2[0][1], 2[0], 2[1])

This example is simple enough that we can compute by hand:

(g0 f)(x) = (x[0)2[1] + =[1], 2[1], 1 + 2[0])

z[1] z[0]+1
Dot = 0 1
1 0
Let’s verify this via the chain rule:
0 1
pe=(10)
z[1] (0]
Dy, = 1
0 1
1+2z[0] =[1]
Dyt = 1
0 1
Now, we multiply the matrices:
z[1] z[0]+1
Dy j@Prz=|{ 0 (1)

Now that we’ve seen this simpler example, let’s think about what would happen if we composed three functions:
h o go f. Using the chain rule (twice), we can draw a very similar diagram:
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hogof

R” R™ Rk Rd
Dja Dy, j@y  Dhg(sa)

Dhogof,a:

7.2 Partial derivatives

Note: Much of the material in this section is essentially a re-stating of familiar partial-derivative facts in our language
of total derivatives. There should be no surprises as everything is completely analogous to the standard facts one
learns in multivariable calculus. The key result that is useful for automatic differentiation is that when computing the
derivative of a function with multiple outputs, we need to add up all the partials. This is encapsulated in the standard
multivariable calculus chain-rule formula:

d

k—1
%f(xo(t), e (t) = ;

éii(ixi
xX; dt

This section simply provides the generalization of this rule, which has essentially the same form.

Now that we have defined the total derivative, let us turn to an analog of partial differentiation that will be useful
in describing automatic differentiation. Let f : R% x R% x ... x R%-1 — R™ be a function taking k arguments, of
which the ith argument is in R%:

x; € Rdl
f($0“..,$k,1)€ R™
Then we define the partial derivative of f with respect to the ith argument x; at a point = (xo, . . ., £x—1) as the total
derivative of the function f%* : R% — R™ given by f*(2) = f(20,...,Ti_1,2, Tit1, Th_1):
Of i = Dyice o,

Thus, Oy ; o is a linear map from R to R", and in matrix form the a, bth entry is:

Ofa]

Oriala: = 5oty

Let’s make this concrete: Consider a function f : R? — R! given by f(z) = z[0]z[1], ¢ : R* — R! given by
g(z) = 2% and h : R! — R! given by h(x) = 3z. Putting these functions together, we might have the composition
p(z) = f(g(z), h(z)) = 3z3. Then the partial derivative ¢, is a linear map from R — R (i.e. a scalar), that is

equal to the ordinary partial derivative %fo = z[1].

Note: We use the notation Oy ; , to indicate that x is a variable with a value (where the partial derivative is evaluated),
while i is the index of the argument to differentiate with respect to (an integer). However, the more familiar calculus
notation is 8%’ which combines the index and the variable value into one. There are tradeoffs here: our notation is
more precise as it explicitly separates these two concerns, but occasionally we may wish to refer to an argument of f
not by a name rather than an integer index: for example, for a two-input function f(x,y) we will occasionally also use
the notation 0y ; (., rather than 0y ¢ (.. The meaning should always be clear from context.
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This notion of partial differentiation has an important “associativity” property: if f : R% x R% x R% — R"
is a 3-argument function, we could “combine” the last two arguments to consider instead a 2-argument function
f: R x R%d2 4 R™ Now, we have the identities:

9500 =010 (D
0710 = (0r1,2,07,2,2) (2)
where the last notation (0f,1,4, Of,2,,) indicates concatenation of the a n x d; matrix with an n x dy matrix. In other

words, the “partial derivative” is essentially just chopping up the total derivative matrix. In particular, observe that the
matrix form of the total derivative of a k-argument function can be written as:

Df,x = (af,(],:m af,l,xv ey af,kfl,x)
The partial differentiation satisfies the following chain rule : Consider k functions g; : R™ — R% for i =
0,...,k — 1, and a k-argument function f : R% x R? x . x R%-1 — R™ We will write g(x) to indicate
(9o(0)y .-y gk—1(xk—1)). Let h : R™ x ... x R™k=1 — R™ be the composition given by

h(zo,...,zx—1) = f(g(x)) = f(go(x0),- -, gr—1(Tr—1))
Then

6}!71,35 = af,i7g(:r) 0 Dgiﬁxi
A diagram for the k£ = 2 case might be the following, where we use curved arrows sharing the same label “f” to

indicate that the function f takes both starting points of the arrows as input.

Rmo 90 Rdo

Rn

7.3 Multiple Outputs

The previous section discussed how to deal with multiple inputs using partial derivatives. We saw that the partial
derivative is just a way to organize the total derivative by dividing it into groups of columns. Next, we will consider
how to deal with multiple outputs using an entirely analogous idea that divides the total derivative into groups of rows.

Consider a k-input, p-output function f(zo,...,75_1) = (f°(z),..., fP~*(x)), where fi(z) € R% and z; €
R9. Then we can form the partial derivative of f® with respect to s, Ofa b, by simply considering the function
f@ R x ... x R%-1 — R®e in isolation. Using this terminology, we can write the total derivative of the function
f:Rdodk—1 _y RSo-Sp-1 a5 a block-matrix in the following way:

00 0 Of k-1
Dy = : ' :

8161371707glc e afpfl,k_17x
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Thus, we can see that this notion of partial differentiation, taken to the extreme in which d; = s; = 1, is completely
consistent with our identification of the derivative matrix with the Jacobian of f.

The chain rule for partial derivatives including both multi-output and multi-input is the following: Consider a p-
input and k-output function g : Rto>tr=1 — R x ... x R%-1 and a k-input function f : R% x ... x R%-1 — R",
Then

k-1
Ofogie = Y 0 jig(w) © Ogiie

Jj=0

Now, finally, we can add one more twist to the diagram: what if one of the domains in the diagram is used twice?
For example, suppose f : R x R — R is given by f(xo,x1) = zox1, but we actually call f on x and = + 1, where
we are reusing the 1-dimensional quantity z - that is, f(z,x + 1) = 22 + x. Formally, we could model this using a
function g : R — R x R given by g(z) = (2,2 + 1) and then h(z) = f(g(z)). However, diagrammatically the picture
is perhaps more intuitive:

—r41

Ry

To use the chain rule here, we can re-write this calculation in terms of a 2-output function g(z) = (z,z + 1):

x2+x

Using this diagram, we can compute the derivative using the chain rule:

dh
Ir 9£,0,5(2) 959,02 + 01,1,5(x) 051 0,

=g'(2) 1+ 5%2) 1
=2z +1

which we can easily see is equal to the derivative of h(z) = 22 + x as desired. Note that we can write a partial

derivative diagram in the following way:
g \oi(x)
9 AJL

Then, the derivative of the final output with respect to the input can be computed by first multiplying partial derivatives
along all paths and then adding up these products for all paths from the input to the output.

® ®
- o
(=} (=}
/ \
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7.4 Forming a Computation Graph

Now, let’s put all this chain rule formalism together into a concrete algorithm. For this, we will lean heavily into
the notion of a computation graph, which is basically a computerized representation of the diagrams in the previous
section. Our computation graphs will have the following properties (not all of these are strictly required, but will make
our algorithm simpler - feel free to try to see how to generalize the method to remove restrictions).:

* All computation graphs are directed acyclic graphs.

* Since the graph is directed, for any node a we say b is a child of a if there is an edge a — b. Similarly, we
say b is a parent of a if there is an edge b — a. If there is a sequence of edges a — --- — b, we say that a is
an ancestor of b, or that b is downstream of a. Note that since the graph is acyclic, it cannot be that both a is
downstream of b and b is downstream of a simultaneously.

 All nodes in the computation graph are either labeled as variable nodes, or operation nodes.
» The graph is bi-partite: all neighbors of operation nodes are variable nodes and vice-versa.
 All operation nodes have exactly one child node.

 All variable nodes have at most one parent node.

 All source nodes (i.e. nodes that have no parents) and all sink nodes (nodes that have no children) are variable
nodes. In particular, all operation nodes have at least one parent.

* There is only one sink node.

A computation graph is intended to describe how one could compute a particular function. The source nodes
represent inputs to the function, while the sink node represents the function’s output. For example, consider the
function h(x) = f(g(x)) where f(x) = 22 and g(x) = x + 1. When written as a computation graph, we have two
operation nodes, labeled f and g, and three variable nodes which we will label z, y and z as follows (we will put
boxes around operation nodes to distinguish them from variable nodes):

T @ Yy z

In order to make the use of the computation graph clearer, we can also label the operation nodes with the actual
calculations that they perform, although we may sometimes omit this information in order to save space:

¢ el —— [t

Thus, the parents of an operation node indicate the arguments that should be provided to that operation, while
the child of an operation node indicates the output of that function. To compute the overall function (or “run” the
computation graph), we first provide an initial value to the source variable nodes. This provides enough information
to compute the output of some of the operation nodes, which are then passed on as the values of their children, which
are then used to compute downstream operations and so on. For example, we could first provide the value of 1 to
the source node x, which would be stored as some extra value in the same data structure that is holding the node z,
diagrammed as follows;

vl [ ]y [ —

Now, all of the parents of the operation node g have values attached to them, so we can compute the output value of 2
and attach that value to the child node:

rit— [ 2 [t —
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Continuing in the same way:

vl [ ] 2 s [ ] o

The point of splitting nodes into variable and operation nodes is to avoid the clunky curved arrow diagrams in the
previous section for functions that take multiple inputs. For example, considering again the diagram:

—x+1
r—" s 41

Ry

r°+x

we would write this as a computation graph in the following way:

v [Ty
Frawom)— -

Now, we are ready to walk through the two phases of reverse-mode differentiation on this computation graph.

Phase 1: Forward Pass

In the forward pass phase, we actually compute the values associated with the variable node x, y and z. We also will
store some extra information that will be useful eventually in the second phase.

To perform this phase, we need to provide input values for all source nodes in the graph, which in this case is just
the x node. Say the value is 2. Then we start by labeling the source node with its value:

T

froy— oyl — 2

z:2 — gz —r+ 1| ——

Then we step through all operation nodes for which all the parent variable nodes have been provided a value (in
this case just g), and label the corresponding child nodes with the ouputs of the operations (in this case, ¥):

Fowom]— -

At the same time, we need to record some extra information. Let us label all of the edges from parent variable
nodes to child operation nodes with the partial derivatives of the operation’s output with respect to the parent variable
input:

9g,z,x
r:2 ——" s lgiz—ar+l| — y:3
frxy— oyl —— 2

Now we repeat the process. Since we have labeled the value for y, we can now perform the operation f:



al‘fﬂ
r:2 —2" slgizs 2+l —— y:3
fizyy—ayl—— 2:6

and we label the edges with appropriate partial derivative computations:

0fy,(z.v)

Frovom)— 6

Now the forward pass is complete. Notice that the sink node (2) is labeled with the final output of the computation
(6). It’s time to move on to the second phase.

Of,w.(2.)

Phase 2: backward pass

In the backward pass, we use the information in the forward pass to compute derivatives. In this phase, we start at the

sink node (z), and follow the arrows backward towards the source nodes (in this case just one, x). While doing so, we

will multiply the partial derivatives we encounter and accumulate running products in the variable nodes as derivatives.
In the end, the graph will be labeled as follows (I indicates the identity matrix):

T:2: 080, (ay) + Ofy.(2,) 0000 Do ’ > 4135 05y (e

J{af,y,(mwy)

By the chain rule, the label for each source node represents the partial derivative of the final output z with respect to
that variable.

To accomplish this algorithmically, we perform a backwards depth-first search of the graph starting at the sink
node z and moving towards the source node z. First, we label each variable node with an accumulator set to O:

sy, (z.v)

Let us call the value of the accumulator for a node V' as V.derivative. Then, the backward pass is described by
Algorithm [5] and Algorithm [6] below. Note that Algorithm [5]can lead to a extremely slow operation on graphs with
many branches (try to think why!). We will later discuss how to make the algorithm efficient.

Of,w.(2,1)

0f,2,(2,v)

Algorithm 5 VariableNodeBackward (simpler, less efficient version)

Input: Variable Node V, Child Operation node C' and downstream partial derivative product D,
Add D to V.derivative: V.derivative < V.derivative + D.

Let O be the parent operation node of V' (if there is one).

Call OperationNodeBackward(O, D).

Then, to start the backward pass, we call VariableNodeBackward(z, I), where [ is the identity matrix.
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Algorithm 6 OperationNodeBackward

Input: Operation Node O, Downstream partial derivative product D
Let P be the set of parent variable nodes of O:
for Vin P do
Let O be the partial derivative labeling on the edge V' — O.
Call VariableNodeBackward(V', O, D9) (the product indicates matrix product).
end for

Formally, this will cause each variable node V' to satisfy:

V.derivative = E 00N V1008 1, Vu_s "+~ 00:,Vs
paths V =Vy - O1 - Vi — O2...0n — VN = Z from V to output node Z

Where here we have use do, v, _, to indicate the partial derivative labeling on the edge V;—1 — O;.

More complicated example

Let’s work through a more complicated example. Here is the computation graph before the forward pass:

33:2:04>4>y:3:0

w:216:0

Now, after the forward pass:

x:2:OL>—>y:3:O

0f.2,(2,u)

Oh,y,(=,v)
0%y, (.v)

h,z,(z,y)

w:216:0

Finally, after the backward pass we have:

8 z,(z a x,(x +6 z 6 6.(1,1'11'
wio: Osenlrniy Onuinlons tums 153 0o + Do Do

t Oh,z,(2,9) 9f.y,(z,9) V9,22

4]
0.4 2(z,y) hoy,(2,y)
e Of,y,(x,v)

w:216: 1
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7.5 Dynamic Graphs: Simultaneous Forward-pass and Graph Definition

The procedure as described above is known as the “static graph” method of automatic differentiation: we first define
the computation graph, and then compute the forward pass and then the backward pass. This method is roughly what
was employed in initial versions of Tensorflow.

Nowadays, many frameworks by default utilize a slightly different system called “dynamic graph” creation. This
was arguably popularized by Pytorch, and results in significantly easier debugging (it is called “eager mode” in Ten-
sorflow, and has been the default mode since Tensorflow 2.0). One of the problems with the static graph method is that
if you make an error in defining the graph (i.e. you try to multiply matrices of the wrong shape), the error may only
be detected during the forward pass, rather than at the time that the actual operation node is defined by the program.
This makes it harder to trace which lines of code is causing a problem.

To fix this, the dynamic graph approach is to define the computation graph while performing the forward pass. To
do this, we provide the programmer with two kinds of objects corresponding to variable nodes and operation nodes.
The programmer is allowed to define a new variable node initialized with a value, which will be a source node in the
graph. Then, the programmer may define an operation node and call a “forwardpass” function on the operation node,
which takes as input the operation node and some variable nodes to use as parents. This immediately performs the
forward pass, computing and saving the relevant partial derivatives, and then providing as output a new variable node
that already has its value set to be the result of the operation.

As an example, consider constructing the 22 + x graph we have been using as an example:

1. Initialize a variable node Vx = Variable (value=2). At the moment Vx has no parents and no children and its
derivative accumulator Vx. derivative is 0. It is the only node in the graph:

r:2:0

2. Initialize a new operation node corresponding to the “add a constant” operation with the constant set to 1:
Og = PlusConstantOperation ( constant=1).

3. Tell this new operation node that its parent is Vx using the forward function: Vy = Og.forward(Vx). This will
produce a new variable node Vy and run the forward pass, so that the graph now looks like:

4. Next, we initialize a new operation node corresponding to the multiply operation: Of = MultiplyOperation (),
and call forward on it: Vz = Of.forward(Vx, Vy) so that the graph now looks like the completed forward pass:

0%y, (,v)

Notice that if we had tried some forbidden operation (e.g. maybe g was a square root operation and x was negative),
the error would have been detected immediately rather than waiting for a separate forward call later on.

One further advantage of the dynamic graph formulation is slightly simpler coding: if we were to first construct
the graph and then perform the forward pass separately, we would need to build the graph using both forward and
backward pointers for the edges so that we could find the children of a node during the forward pass and also find
the parents of a node during the backward pass. In the dynamic graph formulation, we don’t really need to store the
children of a node since the forward pass is performed at the same time as graph construction. We do still need to store
pointers to the parents of each node for the backward pass however.

Ot ., (2.)
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7.6 Efficient implementations: avoiding an exponential slowdown

Consider the following computational graph:
| ——wn o] — s fo| — s
. — 21 I — 29 I — 23

How long will it take for our automatic differentation algorithm to compute the derivative on this graph if it repeats
n times? It turns out the answer is O(2"™) time! To see this, let us count the number of time backward will be called
on any given variable node z;. Clearly, it is called only once on x,,. Suppose it is called p times on x,,_j for some k.
Then, each of these p backward calls will eventually call backward on the operation nodes f,_j and h,,_j, and each
of these operation node backward calls will call backward on x,,_x_1, for a total of 2p calls. Thus, one can argue by
induction that the number of backward calls on variable node z,,_j, is 2%, for a total of O(2™) when we get to z7.

This is obviously very bad and absolutely needs to be fixed in any practical implementation. Fortunately, it can be
avoided by the following simple modification to Algorithm [7}

k| — =2 k| — =

Algorithm 7 VariableNodeBackward (faster version)
Input: Variable Node V/, Child Operation node C' and downstream partial derivative product D,
Add D to V.derivative: V.derivative < V.derivative + D.
if all child Operation nodes of V' have provided a partial derivative then
Let O be the parent operation node of V' (if there is one).
Call OperationNodeBackward(O, V.derivative).
end if

The idea behind this change is that each variable node should only call backward on its parent operation node
once. This call should happen after the variable node has finished accumulating all of the partial derivatives from its
children, so that V.derivative is indeed the complete partial derivative 6F This does not change the final answer
since the derivative is a linear map. Since operation nodes have only one child, this means that each operation node
will only have backward called on it once. As a result, the total time taken will be on the order of the number of edges
in the computation graph.

For those familiar with graph algorithms, an equivalent approach is to first ropologically sort the graph, and then
call backwards on nodes in the order described by the topological sort. In fact, you often don’t even need to include
an explicit topological sort step: if you just keep track of the order in which the operation nodes are created, and then
perform the backward pass on each operation in exactly the reverse of this order, then it is clear that you will never
call backwards on an operation node until you have called backwards on all of its children.

7.7 Efficient implementations: no need to store entire partial derivatives

We make one final note here: for mathematical simplicity we have labeled edges with the full partial derivatives of
the operations. However, in practice it is frequently unnecessary to actually compute this value. Notice that in the
backward pass for a operation node (Algorithm [6), we never actually need the real partial derivative 0. Instead, we
just need to be able to compute the product DO, where D is the downstream derivative. Frequently, it is possible to
make this computation much much faster than by actually forming the matrix 0 and computing the matrix product.
As an example, consider the operation x — = + 1. The partial derivative for this operation is simply the identity
matrix I. This is an d x d matrix if 2 € R?. Let’s suppose the final computation output is 1-dimensional, so that the
downstream derivative is a 1 x d matrix. Naively to compute the produce D9, we would need d x d space to store
the identity matrix I, and then O(d) time to compute the matrix product DJ. However, obviously the product of any
matrix with the identity is just itself. Thus, we do not actually need to store anything at all, and we also don’t even
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need to do any computation: we can just immediately pass on D as the product DO. This is a significant saving since
in machine learning we frequently work with very large dimensions d.

Of course, in practice the partial derivative is rarely the identity. Nevertheless, typically there is some structure
in the partial derivative that makes it especially easy to compute the product DO without having to store a very large
matrix or make a full matrix-product calculation. Sometimes one might also be able to leverage some structure in D
as well: for example, a simple version of the reverse-mode differentiation might assume that the final computational
output of the graph is always 1-dimensional, in which case we know that D is 1 x d matrix, and this could also be
useful for saving computation time.

7.8 Beyond matrices: higher order tensors

It is frequently convenient to organize data into “higher-dimensional” matrices - for example a 4-dimensional array M
with dimensions 1000 x 32x 32 x 3 might represent 1000 32 x 32 color images, where M b, z, y, 0], M [b, z,y, 1], M [b, z, y, 2]
indicates the red, green and blue color intensities respectively of the pixel at coordinates (x, y) in the bth image. When
working with functions of such data, we might be tempted to “flatten” the array into a 1000 - 32 - 32 - 3-dimensional
vector so as to be able to store it in a “variable” node and apply all the automatic differentiation machinery above.
While this is certainly a potential solution, it can become very onerous to manage all this flattening and unflattening.
Instead, it is frequently possible to maintain objects in their native shape through the use of tensor notation and fensor
contraction.

Although tensors have a rich mathematical interpretation, for our purposes we will simply consider a tensor to be
an n-dimensional array of real numbers. We will say that the shape of a tensor is a an n-tuple of numbers describing the
dimensions of the array. So, our image dataset is represented by a 4-dimensional tensor with shape (1000, 32, 32, 3).
We will also frequently write the shape in a Cartesian product notation 1000 x 32 x 32 x 3. Thus, the total number of
entries in a tensor 7' is the product of its dimensions.

Examples: A d-dimensional vector is usually represented as a 1-dimensional tensor of shape (d), or as a 2-
dimensional tensor of shape d x 1. The transpose of a vector is usually the 2-dimensional tensor of shape 1 x d. A
T X m matrix is just a 2-dimensional tensor of shape n x m.

Tensor Contraction

In the same way that a n X m matrix represents a linear map from R™ to R™, tensors also represent linear maps
between different shapes of tensors. Formally, a tensor T of shape (X, Y, Z, W) can be considered a linear function
taking tensors of shape (Z, W, A) to tensors of shape (X,Y, A). The formula is purely analogous to matrix product.
If Vis a (Z, W, A)-shape tensor, then:

z W
(TV)[z,y,a] = Z Z Tz, y, z,w|V]z,w,a
z=1w=1

This generalizes the familiar matrix product notation. Notice that 7' has multiple interpretations: it could also
represent a linear map from tensors of shape (W, A) to tensors of shape (X, Y, Z, A) for example, or as a linear map
from tensor of shape (W) to tensors of shape (X, Y, Z). This is analogous to the way that a n X m matrix can map
vectors in R™ to R, but also could be viewed as a way to map matrices in R™** to matrices in R"** via matrix
products. This procedure of combining tensors to produce new tensors is called tensor contraction.

All of the preceding discussion of derivatives generalizes completely seamlessly to the tensor case. For example,
if f: RZ*XWxA _, RBXC i a function taking tensors as both input and output, then the derivative needs to be a
linear function from RZ*WxA _, RBXC  gyuch a linear function can always be represented by a tensor of shape
B x C x Z x W x A, and has the formuld’}

Of (x)[b, c]

Dy olb,c, z,w,a) = PR

2In fact, any linear function taking tensors to tensors can be represented by a tensor of appropriate shape, just as any linear map of vector spaces
can be represented by a matrix.
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The chain rule holds exactly as before, only now the matrix-multiply is replaced with tensor contraction. Thus,
the entire automatic differentiation procedure is completely identical: all partial derivatives simply are now tensors
instead of matrices, and all matrix multiplies are tensor contractions.
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8 Tuning Learning Rates

So far, we have discussed setting the learning rate 7 using what is sometimes called “oracle tuning”. That is, the tuning
is in some way magical: we do not actually know the various parameters A, H, GG, o or T that are required to set the
learning rate, so in reality we probably cannot use these theoretically motivated learning rates. In practice, one usually
simply guesses the learning rate. That is, you try out a few learning rates and see how well the resulting outputs behave
on some test set. Then, you just hope that you tried a learning rate that is good.

* When tuning learning rates (or regularization constants or usually any real-valued parameter), it is practically
effective to tune on a logarithmic scale. That is, you might test the learning rates 10, 1.0, 0.1, 0.01, 0.001.

e It is a good idea to make sure that the “best” learning rate is not on the extreme edge of the range you tuned
over.

e If you are tuning more than just the learning rate (e.g. also tuning a regularization constant), you might want
to tune via random search. That is, choose some values x1, T2, ... at random from [—3, 1] and test learning
rate of 10”¢. This is helpful for avoiding issue in which the learning rate and the regularization parameter have
correlated effects (e.g, increasing regularization may be similar to decreasing learning rates).

8.1 Learning Rate Schedules

We have discussed setting the learning rate for SGD as % for optimal theoretical bounds. However, in practice
there are a wide range of options used. We’ll just discuss a few prominent ones.

Many of these schedules are set based on the number of epochs that have elapsed, where an epoch is one whole
pass over the training set. However, this is not always the case, as some datasets are so large that the total number of
epochs may be very small (GPT3 was trained for less than a single epoch). In these cases, one might consider setting
the schedule as a function of the number of iterations instead.

* Exponential Decay: In this schedule, after a certain number of epochs, we decrease the learning rate by a
constant factor. For example, when training models on the ImageNet dataset for object recognition, it is common
to employ SGD with a constant learning rate, and decrease the learning rate by a factor of 10 every 30 epochs
for 90 total epochs.

Intuitively, the idea is that after 30 epochs the optimization has converged roughly to the limit of how well it
can converge using the given learning rate. By decreasing the learning rate, it is possible for the optimizer to
explore higher-resolution features of the loss surface. Typically, one observes a rapid decrease in loss in the first
iterations after decreasing the learning rate.

* Cosine Annealing. This schedule was introduced by Loshchilov and Hutter 2016|and uses the cosine function
to set the learning rate:

t — = ( ) T
min max min C
77 77 + 2 77 77 ]. + 0S (0

where 7yin and nyax are some chosen minimum and maximum learning rates. It is also possible to combine
cosine annealing with exponential decay. In this setup, one would divide the training into N phases. Let
Ty, ...,TN be the lengths of the phases. Then in phase 7, we re-index the step-counter ¢ so that phase ¢ starts
with ¢ = 1, and use the learning rate:

= + L ( Y1+ t
"t = Tlmin,i B Tlmax,i — "lmin COs T_7T

?

where Nmin,; and Nmax,; are potentially decaying learning rate ranges for each phase. This approach means that
the learning rate will actually increase at the start of each phase, leading to a kind of oscillatory behavior in
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the loss. Thus, one should take care to only return the parameters w that occur at the end of the last completed
phase.

The cosine annealing schedule is quite effective empirically, but unfortunately there is essentially no good
mathematical justification for it. While it is in some sense inspired by a notion of “restarting” that is useful
in convex optimization, there is no formal connection, and indeed the use of the cosine function is essentially
unheard of in convex optimization. It’s also not clear if the cosine function itself is particularly important here.

Scaling learning rate when increasing batch size. This rule is fairly simple: if you scale the batch-size by
a factor B, but keep the same number of total gradient computations (i.e. epochs), then you should scale the
learning rate also by a factor B.

One of the main points of increasing the batch size is to train “faster” in the sense of spending less time by
parallelizing the computation of the batch gradients. This is only useful if we keep the total computation con-
stant, so if we keep the number of passes over the training set constant (each pass is called one “epoch”), then
increasing the batch size from 1 to B is accompanied by a corresponsing decrease in the total number of SGD
update from T to T'/ B. Thus, looking back at the previous lecture notes, we see that if the optimal learning rate
with batch size 1 and 7 iterations is O(1/+/T), then with batch size B and T'/B iterations, the optimal learning
rate is O(v/B/+/T/B) = O(B/+/T) because the variance of the gradients goes down by a factor of B.

Warm-up. See Goyal et al. 2017, This schedule is empirically motivated in the large batch-size regime. In
this idea, when training with a very large batch size, one should actually start with a very small learning rate
and slowly increase the learning rate during the earlier iterations. Once a certain small number of epochs has
elapsed, then the learning rate is allowed to remain constant or decrease following some other more typical
schedule. For example, it is common to apply linear warm-up:

TtnO t S Twarm-up
nt — warm-up
some other schedule (e.g. o« 1/ Vi) t> Twarm-up

Here 7 is some base or “target” learning rate, that we are slowly increasing 7, until this rate is reached. After-
wards, we follow some arbitrary other schedule, typically such that the first learning rate of the other schedule

is Mo-

8.2 Some more technical intuition for warm-up

Let’s try to gain some intuition behind why this might be a good idea. The essential claim is that this procedure
roughly causes the iterates produced by SGD using a large batch of size B to be close to the iterates produced
via SGD using a batch size of 1 but a B-times smaller learning rate. In the following, we’ll flesh out this
argument more formally. Note that we will not show a strong theorem here, instead we’ll just try to provide a
little intuition about what might be going on. So far as I am aware, a truly complete formal understanding of
warm-up is not yet known.

We have already discussed how increasing the batch size should be generally accompanied by an increase in
the learning rate, so that it seems reasonable that these two learning rate/batch size schemes should have similar
guarantees about convergence to critical points.

Intuitively, however, there is an alternative way to justify scaling the learning rate when the batch size is in-
creased. Instead of trying to reason about the function value £(w;), we could try to understand the actual
iterates w; themselves. Specifically, consider two scenarios, a batch-size of 1 and a learning rate of 7, and a
batch size of B and a learning rate (%), Let wgl) be the tth iterate with batch size 1 and Wt(B) be the tth iterate
with batch size B. Suppose both batch sizes start at the same initial point w;. Then after B steps with batch-size

1, we have:

B
wg)ﬂ =w; — T]Z Vf(wgl), 2t)
t=1
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while after 1 step of batch-size B,

B
(B) _ oy _p(B) L
Wy =wi—n g ; Vié(wr, zt)
Now, if it happened to be true that V{(w, z;) ~ Vﬂ(wgl), 2t), and n(B) = By, then we would have wggl)+1 ~
wéB) , so that after B gradient evaluations, the two procedures have reached nearly the same point.

Let’s try to characterize when this happens more formally. We already should suspect that the learning rate

should never exceed % when £ is an H-smooth function. Let’s assume a slightly stronger statement: (%) < ﬁ

so that ") < _L1_. Further, define r = ve(w (1) — vL£(wiV). Notice that E[r"] = 0. Let’s
2BH t Wi t

also suppose E[||7"(1)|| ] < o2 for some o. Slmllarly, deﬁne 7"( ) = Vi(wy,z) — VL(wy), and assume
[||rt || ] < 0%, Now we can write:
B
WJ(_E:)+1 Wi = —nZVﬁ(W )
B
= —WZ vewD z) = vewD)) + (VLw) = VL(w1)) + VL(w1)

B
= —nBVL(w;) an(l) —nz (VL(wWD) = VL (wy))

Also, we have:

(B)

— W1 = Wl,Zt

||Mm

=-n Z Vﬁ(Wl + Tt(B)
=e—nBVL(w;) ”Z (B)

(1)

Thus, we subtract to find the distance between w", ; and W(B).

B B
1 B 1 B 1
wil, —wi? = nZ (r) —r®) nZ (VL(w)) = VL(wy))

Now, let us define p, = ") — 7). Notice that E[p;] = 0 and E[||p¢|[2] < E[2|Ir{"|12 + 2|rP|?] < 402
Then, we have shown:

Wgalzrl - W2 =1 [Zpt + Z VL(w (1) Vﬁ(wl))]

1 B
Wil —wi?| < [

=1
B
<
t=1

+ Z IVL(wi) — v.c<wl>||]

B
S |+ B [l mH]
= t=1

40



Now, observe that we have p; are mean zero, variance at most 402 and also p; and p;s are uncorrelated for any
t # t'. Therefore:
E l

B
(B
Elllwg — ws™|l] < 20nVB + nHE [Z wi” —wlnl

t=1

B 2

Thus:

Now, let’s turn to bounding E Zf;l ||W£1) - w1 ||} . By previous arguments, we have:

t—1
wi —wi =t - )VLw1) —n Y i)~ Z (VLW D) = VL(wy))

t'=1 t'=1

t—1
+nZHIIW —wi|

E Tt,
t’'=1

t'=1

Wi = wil < n(t— 1) VLw)| + 7

summing over ¢:

an ) < P8 )nvcwlumz Sl

+nHB (Z ||w(1) - W1|>

t'=1 t=1
Using BE
B
( -1 v 1 _
IVL(w) |+nZ Zrt, Zuwt wi

t'=1 t=1

B

S Wi = wall < nB(B —1)|[VL(w, |+2n2 Zr&”

= t'=1

< B2V L(w1)|| + dno B>/

B
E [Z Wi —wi |

t=1

where in the last line, we have use E {H PR

H < 20/t and Zfil V't < 2B3/2. To see the latter identity,

notice that since 4/ is an mcreasmg function:

t+1
/ JEde > Vi
t

So that

>Vt

t=1

IN

B+1 )

/ \/Edl':g(B"_l)?)/Q_*
1

S 2B3/2

Therefore:

B
Elllwy), —wSV|l] < 20nVB +nHE

ZHwt —Wllll

t=1
< 20nVB + n*HB?||VL(w1)| + 4n*Ho B%/?
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Using 7 L

IA
3
sy

2

B
< donVB+ VL (w)|

< 20
- HVB

nB
+ 2 I9Lw)|

Now, the first term above is O(1/v/B), and so is actually small as B increases. However, the second term may
be as large as O(||V.L(w1)]|) and so could actually be quite large, unless ||V L(w1)|| is somewhat small.

This provides some alternative view of linearly scaling the learning rate: if the gradient is already somewhat
small, then we should expect that B steps of batch-size 1 is approximately equal to 1 step of batch size B. If the
gradient is not small, this will only be true if we set the learning rate much smaller than the % limit suggested
by simply looking at the function decrease calculations we performed previously.

As a result, in the earlier iterations, when we might intuitively expect V.L(w) to be large, we might try using
an artificially small learning rate instead of (%) = ﬁ, and slowly increase as VL (w) (hopefully) decreases,
until we reach a point when V £(w) is small enough that we can use our original target learning rate of ﬁ
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9 Adaptive Learning Rate
Recall that we adopt the notation:
gt = VU(wy, )

to make the equations look a little simpler.

Previously, we saw that the “optimal” learning rate for SGD is roughly min (%, U\/‘/%). This is nice in theory,

but in reality you probably don’t actually know the values for H or A or ¢ or even T. We saw that it’s possible to
avoid needing to know 7T via a varying learning rate of 7, = O(1/+/t) at the cost of a logarithmic factor, but how
would we be able to deal with the other unknown values?

This is objective of adaptive algorithms. Adaptive algorithms “adapt” to the problem at hand, achieving faster con-
vergence on “easier” problems while gracefully degrading on harder problems. Concretely, we can think of adaptive
algorithms as figuring out some parameters of the problem (such as o of H) “on-the-fly”.

In the convex setting, this area has been heavily studied, and there are very sophisticated adaptive algorithms
available that can adapt to all sorts of different types of “easy” problems. See Elad Hazan, Rakhlin, and Bartlett|2008};
J. Duchi, E. Hazan, and Singer 2010; Erven and Koolen [2016; Cutkosky and Orabona 2018 for some examples of
such algorithms. In the non-convex setting, however, things are a little less developed. Today we will discuss a way to
adapt well to o, and to some extent H. There is still no good way to adapt to A.

9.1 Intuition for Adaptive Learning Rates

Let’s take a look at the learning rate setting we saw previously:

= min 1 \/Z
U] T o Th

A simple way to try to design an adaptive algorithm is to “guess” this value of 7 on the fly. To start, let’s make a
simplification: for large enough T', we should always expect the 1/ VT part to be dominant, so let’s focus on estimating
oVT.

Ignoring the other constants for now, we want to make a learning rate like

o
Uiz 70\/2

So now we need only estimate 0. How can we estimate the variance? The simplest method might be to try some

form of empirical estimate. Since the variance of a random quantity Z is E[|| Z||? — || E[Z]||?], we could try to estimate
2 by
o” by:

t 2

e

i=1

—_

n Z ng ||2

Or, we could use the slightly more advance unbiased estimate:
t T

Z ~i Z g — gl?
i=1 i=1

where here g; = V{(w;, z;), the ith output of the stochastic gradient oracle.
However, it turns out that it will be much simpler algebraically to analyze instead the following estimate:

%Z e

~+

H—\»—l
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This is a kind of “optimistic” guess for o'2: if the gradients V.£(w,) are getting smaller, we might expect % 2221 gi
to also be small, and so these two estimates are nearly the same. This leaves us with the learning rate:

C

t
2z llei?

This is almost identical to the popular AdaGrad learning rate J. Duchi, E. Hazan, and Singer 2010 that we will
discuss more later.

Strangely, while the above learning rate can analyzed without too much struggle in the convex setting, in the non-
convex setting there is a technical issue in the algebra that makes it surprisingly difficult to work with. In order to
appreciate this technical issue, let us start our performing the analysis and see what might go wrong.

We might think to start with our standard bounds on smooth losses (e.g Theorem[4.6)), which tell us that:

N =

E[L(Wit1)] < E[L(Wy) — (VL(Wy), mge) + w]
= E[L(w2)] — E[me(VL(W:), g1)] + E[w]
Now, in the past we have simplified the term — [ (VL(wy). g1)] as —n; E[(VL(wi), g)] = —me E[|VL(wy)[?].

However, this was only possible because 7; was a deterministic quantity. In our current setting, 7, actually depends on
g:, and so we cannot simply pull it out of the expectation. In fact, X. Li and Orabona|2019|shows that is might actually
be that — E[n:(VL(w;), g:)] > 0, which suggests that the gradient step might actually make negative progress!

There are roughly two ways to deal with this. Probably the simplest way, as suggested in X. Li and Orabona 2019,
is to simply change the learning rate to:

c
t—1
4 2 imy llell®

Note the two major differences here: the presence of €, and the fact that the sum now only goes up to ¢ — 1. The € is
a small constant that is now necessary because otherwise 1; = co. The sum going only up to ¢ — 1 fixes the problem
with expectations, because now 7, is independent of z;. As a result, we would have:

ELVLWe), mVE(we, 24))] = Elm ELVL(We), VE(We, 21))] 2]

N =

= E[ne [ VL(w)|?]

However, this is not the learning rate used in practice, so we will instead consider the following rate:

C
€+ il

Notice that while the ¢ is still there, the sum now again goes up to ¢, so that the above argument with expectations is
invalid. In the convex setting, the € is not needed, but we will see that it actually plays a role in our analysis to get
around the expectation issues. In practice, the € is usually added to avoid numerical instability issues: when computing
714, it might be that the first gradient is zero or very small simply by chance. As a result, we would have 7, = co. Now,
technically, we always have:

n =

Inegell < e

so that it should not matter if g; = 0, but when actually implementing this we will run into numerical issues (in the
worst case, you will get a divide by zero error), so the small € is added to the denominator to avoid this. It just happens
as a happy coincidence to help in the theory as well.

10 Adaptive SGD Algorithm

So, to summarize, we are considering the following Algorithm:
We are able to prove the following general Theorem. Notice that this result applies to any sequence of learning
rates, not just the ones in Algorithm 8}
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Algorithm 8 Adaptive Stochastic Gradient Descent
Input: Initial Point w1, learning rates scaling c, small constant € (e.g. le-4).
fort=1...T do
Sample z; ~ P,.
Set gt — Vf(wt, Zt).
Setny = —=——
s S P E
Set Wil = Wi — 18t
end for

Theorem 10.1. Suppose L is an H-smooth function. Defining g, = V{(wy, z,), suppose that E[max;<7 ||g:]|] < G
(note this is true if |Ve(wy, z)|| < Gy with probability 1, but would be also implied by more technical conditions
such as subgaussianity). Further, suppose that L is G ¢-Lipschitz. Finally, let 11, . ..,nr be any sequence of learning
rates such that (1) n, > 0 forallt, (2) n1 > ny > -+ > nr and also (3) the sequence is “causal” in the sense that
1y is not allowed to depend on g4 1,842, . . .,8r. Let 1y be a deterministic quantity such that ng > 1. Consider the
SGD update:

Wip1 = W — M8t

Then we have:

T

H T
ElL(wry1)] <E [E(Wl) =D malVEWD)I® + 5 Yl
t=1 t=1

+n0GcGe

This Theorem is a somewhat technical-looking result, so before we prove it, let’s see what it implies about the
adaptive learning rate scheme we are using in Algorithm[8] To start with, notice that this learning rate scheme satisfies
the conditions of Theorem the learning rates are monotonically decreasing, and 7; does not depend on g;4; or

e o . . .
later values of g;. Further, we can set 7o = €. For simplicity, let us suppose that ||g; || < G with probability 1 and just
take Gz = Gy = G. Thus, Theorem[I0.1]tells us that:

cG?

T T
H
EL(wri1)] < E [awl) =S VeI + 5 D | + <
t=1 t=1

Now, let us do some back-of-the-envelope calculations to gain intuition for what this means. Note that these are NOT
CORRECT, but will be “nearly correct”, and we will make the arguments rigorous later.
First, let’s do some rearrangement and use the fact 7 < n; for all ¢:

) HE cG?
E [Z nTch(wt)n?] <E[A+5 D wlel] + =
t=1 t=1
Next, let’s consider the sum
T T 9
2 2 2 llg:ll
nllgell*=¢" ) —ef —
; ;62+Ei:1 llg:]|?

We will soon see that for roughly the same reasons that 23:1 1 < O(log(T)), this sum is O(c? log(T/€?)). Let’s just
pretend it is actually bounded by ¢? log(7'/€?) for now. Then, we perform another technically-illegal operation: let’s
divide by 7 inside the expectations:

T 2 o 62 c 2
E [Z ||V£(wt)||2] <E [UAT 4 Closg(T/e?) | G}

nr €nr

A o G2 d
= = log(T hulll 2 2
e [(£ +croutrrey + ) || + Xl
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Now, let’s again make a leap of faith and assume that it will actually hold that

E [Z IVL(we)|I?

where 02 > E[|lg: — VL(w,)||?] for all £. Note that this is definitely not logically okay - we would need to prove this.
But just to get some intuition, let’s make this assumption and at least see that we don’t hit a contradiction. Now, we
have (using the bias-variance decomposition Proposition [10.4):

= O(olog(T)VT)

T

E lz Igtlﬂ =Y ElIVLW)I*] +Ellge — VL(we)||]

= O(olog(T)VT + o°T) = O(c>T)

where we’ve assume 7' is sufficiently large that o log(T)\/T < oT. Further, by Jensen inequality:

T
E e+ lell?| <[ +E

T
Z ||gt||2]
<e+0O (aﬁ)

from which we are able to recover our assumption E [23:1 IV L(w) H?} = O(olog(T)\/T) by absorbing A, G and

€ into the big-Oh notation.
Now that we have this sketch for how to use the Theorem, let’s proceed to prove Theorem[10.1]

Proof of Theorem[I0.1] As usual, be we begin by using our key result about smooth functions:
H , 2
L(wey1) < L(We) —ne(VL(We), ge) + 5 gl

now, when we take expectations, the 7, (V.L(w;), g;) will cause trouble since 7); depends on g;. So let’s instead write
in terms of 71 (VL(Wy), g¢):

= (w0 — 1 (VE(w), 80) + (01— (VL) g0 + 57 el

Iterating for all ¢:

T
L(wry1) < L(wy) Zﬁt (VL(Wy), g Jrz N1 — n:)(VL(Wy), g +Z—7]t|\gt\|2
1 t=1

t=1 t=

using the fact that 7, is decreasing:

T T
H
< L(w Z’?t UVL(W), 8t) +max| (VL(W:), 80 D (e —m) + Y 5’7?“%t||2
t=1

t=1 t=1

Using Cauchy-Schwarz:

<£W1

MH

Ne-1(VL(W¢), 8t) +max\|V£(wt)||max||gt||Z Ne—1 = Nt +Z =7 llgel?
t=1 t=1

T
-1 (VL(W:) gt>+maXHV/3(Wt)||maXHgtHno+Z A llg?

t=1

HMH
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Taking expectations:

E[L(wri1)] <E |L(W Znt UVL(W), gt) + GeGeno + Z o lgell?

t=1 =

Finally, we can pull GG/ out of the expectation since this is actually a constant. O

10.1 Convergence of Algorithm

Now that we have proven the technical result of Theorem [10.1} we can turn to formalizing the intuitive argument
for how this implies a convergence result for Algorithm |8} In order to do this, we will need the following important
technical Lemma:

Lemma 10.2. Suppose xy, . . ., 1 are arbitrary non-negative values. And let f(x) : R — R be an arbitary decreasing
function. Then:

T ¢ Z;‘T:U Li
thf (Z%) S/ f(z) dx
t=1 i=0 Zo

Proof. Notice that since f is decreasing, for all intervals [a, b] we have:

(b—a)f /f

In particular:

As an immediate corollary of this Theorem, we have:

T

}: EAR /Eﬁn&ﬁdx
el dx
t =~
e+ llel? T e -
S llgel?

Theorem 10.3. Suppose L is H-smooth and G ¢ Lipschitz, and let A = L(w1)— L(w,). Suppose E[max,;<7 ||g:||] <
Gy and E|||lg: — VL(wy)||?] < 0? for all t. Define

T(GZ+0%)
A He log 1+ po) GG
K== ( 5 )+ = = O(log(T)

Now, we are ready to state and prove the following:

Then Algorithm|[8| guarantees:

~E
T

d KV2 + F VEo2
> ||vc<wt>] < = Ti7a
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Proof. First, note that that by the bias-variance decomposition (Proposition[10.4), we have:
Ellgl*] < ENIVLW)*] + Elllge — VL(w) ]
< ElIVLW)I"] + o
<GL+o 3)

Applying Theorem|[10.1} with o = £, we have:

cG G
E[L(wri1)] <E |L£ Zm IVL(w)|? + = Zmngm —e=t

Now, applying the definition of 7, and Lemma[10.2} we can see that

zT:n2||gt”2 Z Hgt||2
t
2 e+3, el

“ Plog (1 4 Lo el )
€
Taking expectations and using Jensen inequality:

T T 2
El> -
c [Z”fgt”ﬂ “ Plog (1 B s ])

t=1
Using equation (3):
T G2 2
< 02 log (1 + (£;—0-)>
€
Thus, we have:
2 2
Hc? log (1—1—%) Wele
ElC(wren)] <€ |£0wi) = 3 ol TLewl?] + i y GG
t=1

rearranging:

G2 452
Hc? log (1 + gl §2+ )) n cGrGy

T
: [Z m_lnvawm?} < ElL(wi) — L(wrs)) + ; 6

t=1

using nr < n for all ¢:

T I{C2 log 1+ w e
E lZUT||V£(Wt)|2‘| <A+ ( 5 ) 4 el
€

t=1

Now, we come to a primary difficulty in the proof. In our sketch before, we just divided by 7 at this point. In previous
arguments this was fine, because in all our previous algorithms, 17 was just a deterministic constant. Now, however,
nr is unfortunately a random variable, and so it is not allowed to divide it out from both sides. We will have to be a
bit more tricky. The key idea is to use Cauchy-Schwarz for random variables (see Proposition [I0.6). In particular, if
we define random variables

T

A= | VL(w)|?
t=1

B= L
nr
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Then by Proposition[T0.6] we have

2
e | VELL Ivemwle] . 2
E[U;l] <E LZ; nrl|VL(wy)|| ]

This is a somewhat magical trick: by doing a little manipulation with Proposition[I0.6] we are able to get an expression

in terms of E {\/ Zthl IV L(wy) ||2] , which does not have the nr inside the expectation! So, continuing:

e | VEL vl Hetog (14 )
J +

2 €

T(G2 402
Hcﬂog(l—i—%) +CG£G@

A
+ 2 €

T(G%+0o>
A Hclog (1+%) GGy
—+ +

c 2 €

T
E[y|e2+ D llel?
t=1

2,2
H610g<1+%

2

Now, to avoid carrying around too much algebra, let’s just define K = % + > + G‘EG“ . Then, we

can write this as:

2

T T
DIVLwWOIR| < KE ||+ llell?
t=1 t=1

The next part of the proof is an important trick that frequently arises when analyzing adaptive algorithms: we are going

to use a self-bounding argument. The idea is that if we define X = E {\/ Zle ||V£(Wt)||2] , which is the quantity
that we are interested in bounding, we will try to obtain an expression of the form:
X? < f(X)

for some function f. Then, we will use the shape of the function f to argue that if X 2 < f(X), X cannot be too large.
Specifically, f(X) will eventually be a linear function, so we will have X? < aX + b, from which we can use the
quadratic formula to bound X. So far, we have obtained:

X?<KE )

T
e+ lel?
t=1

So, now we need to find some way to see X in the RHS of this expression. Our starting point is the identity ||a +b[|? <
2||al|? + 2||b]|2. To see this identity, observe ||a + b||? = ||a||* + ||b]|*> + 2(a, b), and then apply Young inequality
(Proposition|10.5) to bound 2{a, b) < ||al|? + ||b||?. From this, we have:

lgell® = llge = VL(We) + VL(W)II* < 2| VLW ||* +2l|ge — VL(wo)|?
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Next, we use the identity v/a + b < \/a + v/b. This can be seen by simply squaring both sides. Thus, we have:

T T T
4+ llgll?| < KE|y|+2) llge — VLW +2) [[VL(W)|?
t=1

= t=1 t=1

T

T
<SKE || 42 g — VLW 2| + KVZE || Y IVL(w,)|?
t=1 t=1

T
=KE || +2) g — VL(wy)|?| + KV2X

t=1

using Jensen inequality:

<K, le2+2E + KV2X

T
> llge = VL(w)|I?
t=1

< K\Ve2 +To?+ KvV2X

So, now going back to equation (@), we have:

X2 < Kve +2To? + KV2X

Now, by quadratic formula, we have:

_ K2+ V2K2? + 4KV + 2T02
= 2

< KVZ+VEK (& +210%) "
< KV2+VKe+ 1\ Kov2T"*

Now, finally, recall our definition of X and use Cauchy-Schwarz to conclude:

X

> IVL(wo)?

1
> —=E
VT

> HVE(Wt)]
t=1

From which we can conclude:

1E
T

T
> ||vc<wt>||] < IR v Ee

10.2 More refined analysis

The analysis we’ve presented has a somwhat poor dependence on e: it is O (%), which could be quite bad.
However, it is possible to obtain a more refined bound that does not have this poor dependence on €. See Ward,
Wu, and Bottou 2019| for a proof that achieves this. Note their proof is along a slightly different lines: instead of
bounding the (1,1 — 1;)(VL(w;), g:) terms by using decreasing learning rates, as we did in Theorem[10.1] instead
they carefully bound the gap |1;—1 — 7| to show that each term is quite small.
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10.3 Auxiliary technical results (also in appendix)

Proposition 10.4. [Bias-variance Decomposition] Suppose X € R? is some random variable. Then for any deter-
ministic value Y :

E[IX - Y[*] =Y — EIX]|I* + E[|X — E[X]|*]
Proof. Expanding the square we have:
E[IX = Y*) = E[IX - E[X] + E[X] - V]
= E[lY - E[X]|I"] + E[IX — E[X]|I*] + 2E[(X — E[X],E[X] - Y)]
= [V = EX]I” + E[IX - EIX]|I°] + 2(E[X - E[X]E[X] - V)
= |lY — EIX]II* + E[ll X — E[X]]*)
where O

Another useful inequality is the Young inequality:

Proposition 10.5. [Young inequality] Suppose X and Y are arbitrary vectors. Then for any X > 0 and any non-
negative real numbers p and q satisfying % + % =1,
X|P  A?|Y|?
) < JXI7 L Y
PAP q
Proof. Notice that we must have both p and ¢ at least 1 (otherwise 1/p 4+ 1/¢ > 1, which is not allowed). Now,
differentiating the RHS with respect to A yields:
e
Aptl

+ XY

Differentiating again yields:

1 X117 — D2 Y]2 >0
(p+ )Ap+2+(q ) [Y][9 >

where we have used ¢ > 1. Thus, we can find a minimum value for the RHS by setting the first derivative to 0. Solving

x]|1? 1 . . . HX“@/(erq)
— 5+ + ATTH|Y[|9 = 0 for A then gives A = e

which yields a minimum value of

2 2
X |]P~ 7% ||y || 7¥e N Y |77 | X||7% | X||7¥a |y N Y [|7%7 || X || 7+
P q B p q
Now, notice that

So that the minimum of the RHS simplifies to:
XNy Y|IIIX
XY i
p
Now to conclude observe that (X,Y) < || X]|||Y || by Cauchy-Schwarz. O

= [I XYY

Finally, we will also often need the following generalization of Cauchy-Schwarz:

Proposition 10.6. [Cauchy-Schwarz for random variables] Suppose A € R and B € R are arbitrary random vari-
ables. Then:

E[AB] < VE[A?] E[B?]

Proof. By Young inequality (Proposition[I0.5), we have

E[4%] M2E[B?Y
<
E[AB] < o2 + 5
forany A > 0. Now, set A = E{gz% to conclude the desired result. O
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11 Finer-Grained Adaptive SGD analysis

Previously, we examined the learning rates schedule:

Cc

t
€+ 2 i el

=

with the corresponding Algorithm 8] restated below:

Algorithm 10 Adaptive Stochastic Gradient Descent
Input: Initial Point wq, learning rates scaling ¢, small constant € (e.g. le-4).
fort=1...T do
Sample z; ~ P,.
Set g = VU(wy, zt).

Setn; = —5——
Vs S P
Set Wip1 = Wi — M 8¢.
end for

And we were able to prove the following result:

Theorem 10.3. Suppose L is H-smooth and G ¢ Lipschitz, and let A = L(w1) — L(w,). Suppose E[max;<7 ||g:||] <
Gy and E||g: — VL(w¢)||?] < o2 for all t. Define

2 1,2
A Hclog (1 + %) GGy
== +

K
c 2

— O(log(T")

Then Algorithm|[8| guarantees:

1
T E \/T T1/4

However, it turns out an even more fine-grained result is true:

T
vac(wa] < KV2+ VEe | VEov2
t=1

Theorem 11.1. Suppose L is H-smooth and G Lipschitz, and let A = L(w;) — L(w, ). Suppose E[max;<7 ||g:||] <
Gy and define o} = E[||g: — VL(w,)||?] for all t. Then

T(G%+0%)
A Helog(—=5—) qg.c
= ? + <2 ) + i d = O(lOg(T))

KVI4VEE W(V i
=TT

K

Then Algorithm|§| guarantees:

T1/4

1 [& 1 T
TE [Z IIVE(Wt)II] < 7E ; IVL(w,)]|?

t=1

The proof is essentially the same - the only difference is that we have not performed the last Cauchy-Schwarz

argument to bound =+ E [23:1 |VL(w,) H} < ﬁ E {\/Z?_l IV L(wy) ||2} , and also at a certain point in the proof

of Theorem [10.3] we used the bound

T
E [Z g — vc(wt)||2] <oVT

t=1
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and instead we should have used the more fine-grained bound:

VT

T T
1
3 [Z ||gt—vc<wt>|2] =\ TE |27
t=1 t=1

The result of Theorem [TT.1]is much more appealing than that of Theorem [I0.3| because it is written in terms of
the varying variances o;. How might this be helpful? Consider a situation in which E[||V{(w, z) — VL(w)||?] <
D||[VL(w)||? for all w for some d. That is, points with small gradients also have small variance. This is not entirely
unlikely: in the case that it is possible to obtain £(w,) = 0 and ¢(w,z) > 0 for all w and 2z, we would have
E[|Vl(w,, 2)—VL(w,)||?] = 0. If in addition we have that /(w, z) is H-smooth in w for all z, This would also imply
that E[||V{(w, 2) =V L(w)||?] < H?||w—w,||?. Thus, if it happened to be that | V.L(w)| > ||w—w.,|| (this would be
implied by strong-convexity for example), then indeed it would hold that E[||V4(w, z) — VL(W)||?] < K||VL(w)]]?
for all w for some D.

Regardless, under this assumption, we have:

1 T 9
LE zT:HVZ:(w)HZ <K\/§+\/[?6+\/K TE[thlo—t}
VT 2 2| < - s

1 r w2
<Kﬁ+m+\/m%5[ztﬂnw< Ie]
= \/T T1/4

Now, we can do another self-bounding style argument. Let X = \/ +E [Zthl IVL(wy) HQ} . Then, we have:

<K\/§+\/K6 VKDX
< Nii + i

Now, we can use the quadratic formula again to obtain:

1/4 KD KvV2+VEKe
VKD/TY* + \/ﬁ +4 Vs
2

X

VX <

using\/a—l—bg\/&—f—\/gz

VKD VKV2++VKe
- T1/4 + T1/4

Using (a + b)? < 2a? + 2b?:

- 2KD +2KvV2 +2VKe

* VT

using % E [0, [VL(wy)|| < X

) KD +2Kv2 + 2V Ke
;IIVﬁ(Wt)] < Nii

So that we actually converge at an O(1/+/T) rate rather than an O(1/T"/4) rate - there is a kind of “virtuous cycle
in which making progress makes the variance smaller, which allows for faster progress.

~E
T

EL)
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12 Tracking the variance

Let’s take a look at one step of stochastic gradient descent:
Hn? 2
EL(wes)] < E [£(wi) = nlge, VL)) + = g
Using bias-variance decomposition, and assuming 7 is independent of g;:
Hn? Hn?
<[ e = (n- 5 ) 192wl + - e - VLl

assuming 7 < +-, and writing 0? = E[||g; — VL(w,)|?:

Hn?c?
<E [L(Wt) — VLW + ”2*}
. . . . . L (1 IVEe(w))?
Now, from this we should expect that the right learning rate at this iterate is something like = min (ﬁ, W)

(to see this, differentiate the above with respect. to 7). After a little case-work, this yields:

IVLw)I? VLW
4H " 8Ho?

E[L(wi1)] <E [E(Wt) — min (

Following now the usual train logic, we end up with:

T
1 (VLW IVL(w)*
E T t; min < 7 ,

A
<=
- T

4 8Ho?

Therefore, if W is a randomly selected iterate, we have

min ||V£(W)||2 ||V£(W)|‘4 é
E[ ( I ’SHEZ[nvaw,z)—vamwﬂ<T

This suggests that the point W has || VL(W)|| = O(1/T'/*), but also that the proportionality constant is now related
to the variance at the same point w rather than a sum of variance terms over all iterates. This might enable us to obtain
similar “virtuous cycles” as found in the previous section with much weaker conditions on the losses.

The key problem here of course is that we do not actually know the “instantaneous” variance oy, nor the true
gradient norm ||V £(w)||. The latter sounds very difficult to obtain, but what if we were able to estimate the former?
Could we still obtain an improved bound?

Let’s consider learning rates:

(1 VA
=min | —,
1t H o,JTH

Then, following the same logic as usual, we obtain:

E[L(Wi1)] <E {E(wt) — %”Vﬁ(wt)H? n ZAT}

T
E [Z 77tHv£(Wt)||2 <3A

t=1

From which a randomly selected W obtains:

1 VA )
min | —, VL(w
- l (H VE:AIVE(W, 2) - VE(W)|2]TH) Vel

3A
< =
- T

54



Thus, for large T' we should expect

e[ crelsel <o)
E-[IVl(W,2) = VLW)[?] = \VT
This is a similar result, but we still have an issue: how did we know the instantaneous variance o;? A standard

heuristic used in practice that might achieve this goal is the exponentially weighted moving average. In this scheme,
we choose some parameter 3 € (0,1) and then set

C
n = -
Ve + T B el?

This can be computed efficiently, as demonstrated in the following pseudocode:

Algorithm 9 Adaptive Stochastic Gradient Descent with EMA
Input: Initial Point w1, learning rates scaling ¢, small constant € (e.g. 1le-4), averaging factor 3:
Set Ag = 0.
fort=1...T do
Sample z; ~ P,.
Set gt = VE(WD Zt).
Set Ap = BA: 1 + [|ge]|*.

_ c
Set n = 7\/@
Set Wiyl = Wi — Nt8t.
end for

Intuitively, this setting of 7, is allowed to “forget” about previous gradients, so that if o; happens to be large in the
first iterates, this will not have as big an effect on later iterates.

Unfortunately, the algorithm as described here does not actually converge. The problem is that the learning rates
7; may increase quite rapidly during the training. Instead, as suggested by Reddi, Kale, and Kumar 2018, we could
try the following:

Algorithm 10 Corrected Adaptive Stochastic Gradient Descent with EMA
Input: Initial Point w1, learning rates scaling ¢, small constant € (e.g. 1e-4), averaging factor 3:
Set AO =0.
Set By = €2,
fort=1...Tdo
Sample z; ~ P,.
Set gt = VZ(Wt, Zt).
Set Ay = BA 1 + [|g:]|*.
Set Bt = max(Bt,l, tAt)

Set n = \/%
Set Wip1 = Wi — 8¢
end for

This algorithm has the following convergence guarantee:

Theorem 12.1. Suppose L is H-smooth and G Lipschitz, and let A = L(w;) — L(w,). Suppose E[max;<7 ||g:||] <
Gy for all t. Then Algorithm|l0| guarantees:

T
H
E[L(wry1)] < Zm HIVEW)|?| + 5 (14 Tog(T)) + mo GG

Moreover, it is also guaranteed that:

e+ GVT

= H
E|D IVLw)|?| < (A+ =1 +1og(T)) + GG
LZ—; ] ( 9 g NoGc e) =3
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Note that this result actually doesn’t imply any obvious gain over the previous results for adaptive gradient descent.
While intuitively it seems reasonable that the algorithm will perform better (and in practice it frequently does), the
analysis is sufficiently complicated that there is no solid result characterizing when Algorithm |10]is actually better

than[8]
Proof. Recall from Theorem [I0.1] (which applies since 7, is now guaranteed to be decreasing), that we can write:
T
ElL(wri1)] < Zm VLW + = Zm el | +m0GeGe
t=1 t=1

Now, to bound 37, n2||&:||2, we have:

Sl < Z e
e ¢ tA,

I

||gt
llg:I?

IN
-

IN
S

Therefore

T
H
Lw) = VLW | + 5 (1+10g(T)) + moGGe

t=1

E[L(wri1)] <E

T
H
E [Z nia|[VL(we)[?] <A+ 5 (1 +10g(T)) +1m0GGe

t=1

T
. H
E [(mtlnm) YIVLwI?| <A+ 5 (1 +10g(T)) +1m0GGe

t=1

Now, observe that

2 G?
A < ¢
<G § :/3 <13
Therefore, min, 7, > e \/Tinax T > E+V é_\/f% This implies

e+GVT
Vid

E Z ||V£(Wt)||2] < (A + g(l +log(T)) + UoGsz)
=1
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13 Smooth Convex Losses and Acceleration

Let’s consider again the case of convex losses. Previously, we studied losses £ that are convex and Lipschitz. Now,
we will consider £ that are convex, Lipschitz, and smooth. We’ll see that significantly better results are sometimes
possible in this setting. The key idea is smoothness provides an upper bound on the function value via our standard
smoothness lemma:

H

L(w+9§) < L(w)+(VL(W),d) + EH(SHQ
On the other hand, convexity provides an lower bound on the function value:
L(w+8) > L(w)+ (VL(W),F)

By carefully combining these operations, we can provide improved convergence rates on convex losses. Let’s start
by revisiting our analysis of (non-stochastic) gradient descent for convex losses. Suppose that we start at the origin,
so that w; = 0. Then, with a constant learning rate # so that w;11 = wy — nV.L(wy), we previously proved:

Theorem 2.4. Suppose L is G-Lipschitz and convex. Suppose |w, — w1|| < D. Setn = . Then
T
> L(we) - L(w,) <GDVT
t=1
In particular, if W is selected uniformly at random from w1, . .., W,
GD

E[L(W) — L(wy)] < —=
L)~ Liw)] <
In fact, the proof of this theorem involved a more general inequality, which we generalized even further on the

homework. Specifically, we have:

Theorem 13.1. Suppose L is any differentiable function. Then gradient descent with learning rate 1) guarantees:
T

Z<V£(wt)7wt—w*>§||w* Wl” 77lev,c Nk

t=1
If L is also convex:
T

T

W* w

Z‘th w,) < I 1|| gglvﬁ NE
Note that the first part of this theorem does not actually rely on convexity!

Proof. Let’s again bound the change in ||[w; — w,||*:

W1 = Wil = [wi = nVL(we) — w, |

= [|we = Wil = 20(VL(We), Wi — W) + 17| VL(wy) ||

rearranging:

[we = wull®  [[Wers — wi?

(VL(wi), Wi —w,) < o7 o

n
+ Ivetw)l?

sum over ¢, and telescope the RHS:

T T
lwy = woll*  lwres = wal® 2
E (VL( w) < - - E VL(
2 (W), Wy — wy) < o o 2 2. (IVL(w)]|

2 T
w* W
And now the final result follows by convexity, since £(w;) — ( v) <AVL(W), Wi — W) O
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Now, previously, we assumed that £ was G-Lipschitz, and used this to bound the ||V.£(w;)|? terms in the RHS
of Theorem This time, we’ll use smoothness to make a more refined statement. Smoothness implies:

Lemma 13.2. Suppose L : R? — R is an H-smooth function. Then for any w:

IVL(w)]?

S H < L(w) — L(wy)

Warning: the proof of this theorem may not work if L is only defined on a bounded subset of R? - see if you can spot
what would go wrong.

Proof. From smoothness, we have for any §:

L(w+9) < L(w)+(VL(W),d) + gH(SHz

Set § = —%(W) to obtain:
2
Ll — VE(w)/H) < £w) - VW
2
o < o) LTEOE

O

In words, this tells us that when £ is smooth, then small function values imply small gradient values. This will
help us prove faster convergence rates for convex functions because in Theorem|[I3.1] we notice that the error becomes
smaller when V.£(w;) gets smaller. This will set up a nice feedback cycle: as GD converges, VL (w;) will get
smaller, which will cause GD to converge even faster, which will let VL(w,) get even smaller, which again causes
faster convergence and so on.

Let’s see how we can use this Lemma[13.2]in concert with Theorem [13.1t

Theorem 13.3. Suppose L is an H-smooth convex function. Set n = ﬁ Then gradient descent guarantees:

T
D L(wy) — L(w,) < 2H||lw, — wi®
t=1

In particular, if W = 7 Zle Wy, then
L(W) — L(wy) <
Proof. From Theorem|13.1] we have
T
D L(wi) = Lw,) <€ o
t=1

now, from Lemma [13.2}

— w2 T
< ”W* 277W1|| + g ZQH(E(Wt) _ E(W*))
t=1
Using our definition of 7:
1 I
= Hiw, = w1+ 5 3" Lw) — L(w.)
t=1
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rearranging:

T
D L(wy) — L(w,) < 2H||lw, — wi®
t=1
Now, we need to show the last part of the Theorem. For this, note that if X is a random variable that takes on each
values w; with probability 1/7, then E[X]| = w. Therefore, by Jensen:

. 1
L(w) = LEX]) < E[LX)] = 7 > L(w)
t=1
Thus,
1 X
L(W) = L(w) < 7 ; L(wi) = L(w,)
and so comparing the RHS to the bound we have already obtained, the result follows. O

This result is significantly better than the previous results we had for convex optimization: here we obtained
O(1/T) suboptimality, while previously it was only O(1/+/T). The difference in assumptions is that this time we
assumed H-smoothness, while last time we assumed G-Lipschitzness. It turns out that the O(1/v/T) rate is tight
for G-Lipschitz losses. That is, given any algorithm, there exists a G-Lipschitz convex function such that after 7’
iterations, the algorithm cannot do better than O(1/+/T) (see Bubeck 2015).

However, in the smooth case we can actually do even better than O(1/T), it is possible to obtain O(1/77?)!
Algorithms that achieve this rate (which is optimal) are called accelerated optimization algorithms. This was famously
first achieved in 1983 by Yuri Nesterov in a much-studied algorithm. The original paper is in Russian, but there are
texts that cover it in various levels of detail Bubeck 2015; Nesterov n.d.

14 Momentum

Before getting into the technical details of acceleration, let’s discuss a possibly more intuitive algorithm. This is the
idea of momentum. Momentum is probably the single most ubiquitous modification added to SGD/GD in machine
learning. The basic idea can be viewed via a kind of “physical intuition”. If we consider the objective function
L(w) as a kind of “contour map” in which £(w) indicates the height of the landscape at some “d-dimensional” GPS
coordinates w, then we might view gradient descent as an algorithm that finds a local minimum of £ by repeatedly
taking a step in the direction of steepest incline of the landscape.

However, if you were to drop a spherical bowling ball at some point on the landscape, it actually would not always
take the direction of steepest incline: as it rolls it would pick up some momentum that would keep it going uphill
occasionally. Although going uphill seems bad, overall we might feel this is a good thing because the momentum
will allow the ball to speed up while rolling down a hill. An important point here is the idea of friction - without
some friction to decrease the kinetic energy of the bowling ball, it will happily roll uphill exactly as far as it has rolled
downhill and make zero progress. By adding an appropriate amount of friction, we could hope to limit the uphill
motion while still getting the gains for the downhill motion. Intuitively, the regular gradient descent is like a bowling
ball that has a near-infinite amount of friction associated with its motion so that it cannot pick up any momentum.

This idea is captured by defining an auxiliary variable v, which represents the “velocity” of the parameter w. v is
updated using the gradient of £, so that £ is playing the role of a “potential energy”:

vi = Bvi1 —nVL(Wy) &)

Wip1 = Wy —+ vy (6)

Here the coefficient 3 € [0, 1] plays the role of “friction”. 3 = 0 corresponds to “infinite friction” - all of the kinetic
energy is immediately removed and so no velocity gets to carry over to the next iterate. Inspecting the equations shows

that with 5 = 0, the update is identical to regular gradient descent. 5 = 1 corresponds to zero friction. Typically 5 is
set to some large value like 0.9 or 0.99.
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14.1 Better integrators

Algorithm 11 Gradient Descent with Momentum

Input: Initial Point wq, learning rates 71, . . . , 777, momentum parameters 31, ..., Br:
Set vg = 0.
fort=1...T do
if Using two-step integrator then
Set Vt7% = Btvt,l.
Set Wipl =Wp— V1
Setgr = VL( Wy, 1)
else
Set gt = VK(Wt)
end if
Set vy = Byvi_1 — 1:8s.
Set Wil = Wi — Vi
end for

We can view the momentum update as numerically integrating the following physical “equations of motion™:

_dw
Cdt
d
= (1= BV +nVL(w)

The momentum update described in equations (3)) and (6] correspond to the most basic Euler integration step. However,
there are more accurate ways to simulate this differential equation. Specifically, consider the following “two-step”
integrator:

Vi1 = Bvi_1

Wipl = Wi+ V1

vi=fBvi1 — UVE(WH%)

Wil = Wi + Vi

The intuition here is that the equation ¥ = —(1 — 8)v +nVL(w) containts two terms, a —(1 — 3)v and a nVL(w).
If we naively evaluate V.£(w) at w;, we might miss some behavior in which the ball starts rolling up the hill during
this step. By instead evaluating at the “lookahead” point w; + v, we can help to counteract this by detecting if just
the momentum on its own would cause the ball to start rolling uphill.

This leads to Algorithm [TT]in which we generalize the setting to allow for time-varying § and 7.

Unfortunately, in order to rigorously analyze this algorithm in the convex setting and show acceleration, we will
completely abandon this intuition and make an argument that follows a mess of algebra. Further, we will need to set a
very delicate schedule for f3;, and re-write the algorithm into very different looking (but totally equivalent) form. This
is a big issue with accelerated algorithms: although there are reasonable intuitive explanations in terms of physics like

the above, the analyses are typically very strange-looking.

15 Acceleration

Now, let us forget for a momentum about momentum and just think about some equations we’ve seen so far at a very
high level and how we might be able to use them to get a faster convergence. Our approach is a streamlined presen-
tation of linear coupling Allen-Zhu and Orecchia 2017, which is a more recent technique for designing accelerated
algorithms.
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To get some intuition behind linear coupling, observe that our ordinary analysis of gradient descent without using
convexity shows that as long as n < %:

Liwii1) < L{wy) = 2| VL(w,)|?

That is, we make faster progress when |V L(w)|| is large. In contrast, Theorem showed:
S lwe —wll” 2
* 1
> L(wy) = L(w,) < Z IVL(we)|I?
t=1

. ~ 1 T
sothatif w = #3,_, wy,

L(W) — L(w,) < 7”“’*2 i Z IV L(we)|?

That is, we make faster progress when ||V L(wy)|| is small. Further, the analysis of gradient descent relating £(w;1)
directly to £(w;) does not involve any averaging, but the analysis using convexity in Theorem does involve
averaging.

Intuitively, we might then expect to obtain a kind of “best of both worlds” result by combining these analysis
styles: if the gradients are big, then the first style of analysis will give us some fast progress, but if the gradients are
small, then the second style might be more helpful. In particular, we’ll be able to show that the “function progress”
proportional to || V£ (w¢)||? achieved by the first style of analysis can be used with clever algebra to “cancel out” the
growing sum proportional to || V.£(w;)||? in the second analysis.

In order to put this together properly, it will be helpful to note an even more general version of Theorem [13.1]
This next result is the starting point of the field of online learning, although we will not need to go any further in this
direction here.

Theorem 15.1. Suppose g1, ...,gr is a completely arbitrary sequence of vectors. Define wy by Wyy1 = Wy — 1ng;.
Then for any w,:

= [w. —wil” 0§~y
>t - wy < P D g

t=1

This result is remarkable general: it allows g; to really be anything at all (even something generated by some evil
adversary intent on messing you up in some way), and also allows w, to be anything at all. Note that while we are
kind of doing gradient descent here, it’s not really clear that the g;s actually represent gradients of anything. The proof
of this result is actually identical to the proof of Theorem Let’s just spell it out below to make sure:

Proof. Again, we consider ||w;,1 — w,|%2. Note that this is only done “in analysis”, at no point does the algorithm
actually compute this quantity. That’s a good thing, because w, could be anything!

[Wir — W*||2 = ||w; —ng: — W*H2

= |lw; — W*H2 — (g, Wy — W) + 772||gtH2
rearrange:

[wi — W = [[wepr — w,|]?
2n

(g1, Wi — w.) < + 7l

sum over t, and telescope:

- 2w =Wl = i = walP s
;(gnwt —-w,) < by 5 g llgell

and finally drop the negative term to conclude the desired result. O
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This theorem will in some sense “free” us to do a lot of useful algebraic manipulations without worrying about the
relationship between various vectors we produce and actual gradients of V.£(w). Without further ado, let us describe
our accelerated gradient descent algorithm:

Algorithm 12 Accelerated Gradient Descent
Input: Initial Point wy, smoothness constant H, time horizon 7', learning rate n
Sety; = w;
Setag =0,a1 = 1.
fort=1...Tdo
Set Tt = ZI(: o
Setx; = (1 — 7¢) Wy + T2yt
Set g; = a;VL(xy).
Setyit1 =yt — ngt.
Set wip1 = x; — nVL(xy)
Set av;41 to satisfy afﬂ — 41 = 22:1 «; (use quadratic formula).
end for

Now, this algorithm looks extremely weird, but with a little work we can massage it to look like the momentum
algorithm. Specifically, set

1
Vi = *(Yt - Wt) - TIVE(Xt)
Qi

Observe that we have:

Wit = x¢ — NV L(Xy)
=1 —m)wy + 1y —nVL(x)
= Wy =+ Tt(yt — Wt) — nVE(Xt)

using the fact that o? = Zﬁzl o, so that 7, = a%:

1
=W+ ;(Yt —wy) —nVL(x)
t
=W+ vy
Further, we have the important relationship:
Yi+1 — Wip1 = Yt — UOétVﬁ(Xt) — Wil
=yt —nuVL(xt) —x¢ + NV L(x:)
=Yyt — (]. — Tt)Wt — Tyt — n(at — ].)V,C(Xt)
=1 =7)(ye — we) — (o — 1)VL(x)

Now, observe two more magical properties of our definition for a;:

2 t—1 2
ay — 0 Zi:1 Qi g

ap — 1=
Q Qg Qt
Zt_l e @
_ 1=1 1 t—1
1-— Tt = t = o
Dim1 i ¢
Combining this with the above implies:
. agfl
Yt+1 — Wil = Vi
Qi



or, with ¢ instead of ¢t + 1 for all ¢t > 2:

2
Qi_o

yi — Wy = Vi—1 @)
a1
o2

2 Vi1 —nVL(X)

Qi1

Vi =
Finally, observe that
Xt = Wi + 7e(Ye — We)

1
=wi + —(yt — Wy)

Qi
using equation (7):
2
_ Q_o
=wy + Vi1
Q104

2
Thus, defining $; = 0 and 5; = -2 forallt > 2 yields the updates for all ¢t > 1:

Ot —1

Xe =Wy + Bevie1
Vi = Bivi—1 — nVﬁ(Xt)

Wipl = We +Vy

which is exactly the form of the two-step momentum integrator used in Algorithm [T T]

15.1 Acceleration analysis
Theorem 15.2. Suppose L is an H-smooth convex function. Let n < % Then if w, = argmin L(w), Algorithm

guarantees:

9[|wy — w?
L(wri1) = L(w,) < o,

In particular, with n = % we have:

L(wri1) — L(wy) <O (HW*WOP)

T2
Before proving the Theorem, let’s show a small proposition to gain some intuition for how the o behave:

Proposition 15.3. Forallt > 1,

2
2
ggiglaigt

2 _ V¢ )
Further, af =, _ | ;.

Proof. The second part of the Proposition is immediate from the definition of ;. The tricky part is proving the first
statement. For this, we proceed by induction. The base case for t = 1 is clear from definition of a;. Let us assume the
statement holds for some ¢. By definition of o, 1, we have:

T+ /1+430 o

Ap41 =




So therefore:

using the induction assumption:

For the lower bound, we have

so that:

using t > 1:

This shows that Zle «; grows quadratically in t. Now, we are ready to prove Theorem

Proof of Theorem[I5.2] Let’s start by examining the quantity 23:1 oy (L(x¢) — L(w,)). By convexity, we have
L(xy) — L(w,) < (VL(X¢), Xt — W), SO

Yo alLxi) = L(w,)) <

B

ar(VL(x¢), Xt — W)

H
Il
—

T T
= Zat <V£(Xt + Zat VE Xt W*>
t=1 t=1
T T
= Z(Vﬁ(xt) (X —ye)) + Z (g, ¥t —
t=1 t=1

Now, notice that the second sum Zthl (gt, ¥+ — W) can be bounded by Theorem

T

T
Wi — Y1 n
Z(gmyt —w,) < u T3 Z g l?

t=1

Note that even though the relationship between g; and y; is somewhat complicated, this is totally irrelevant because
Theorem works for any sequence of g;.
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Next, look at the term ¢ (x; — y¢). Let’s do some tricky algebra using the definition of x;:

a o
xp = (1 —7)w¢ + 71y = 1-% Wt+t7th
Dot Qi i

() (£) )

subtract (Z } 041) x; and oy, from both sides:
t t—1
QX — Oyt = ((Z ai) - at) Wi — (Z 04z‘> Xt
i=1 i=1

Therefore, we have:

(VL(xt), ap (x4 — <Z al> (VL(x¢t), W — X¢)

Now, let’s use convexity again: we have £(wy) > L(xt) + (VL(x:), Wi — X¢), S0:

t—1

(VL(xt), ar(x¢ — ye)) < (Z Oéz') (L(w) = L(x1))

i=1
Going back and putting this all together, we have shown:

T

T
> et - £y < el 53l + S (Z az> (we) — £(x.)

t=1 t=1 \i=1

Now, eventually we are going to want the last sum to telescope. So far there are two obstacles. First, there is a w
instead of a x, and second the coefficients on the £(w;) and £(x;) are the same. Let’s fix the second problem first:

subtract ZtT:l aL(x) from both sides to get,

72%5 ylH /ZHg ||2+Z <Za> wy) — (zi;a> L(x:)

Now, we can see that if it weren’t for the x vs w mismatch, the last sum would indeed telescope. Let’s use smoothness
to relate £(x;) to £(w;,1). So long as p < -, we have:

Liwii) < Lixe) = 5| VLex)|?
—L(x1) € —L(Wer1) = 3| VL)

e () ()

Finally, the sum EtT:1 [(Zf;i ozl) L(wg) — (22:1 ai> E(Wt+1)] telescopes, yielding:

Thus, we have:

T T
_Zat»C HW* }’1|| gz |gtH2+Z
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T T T
_Zat£ M gz gl =3 arl(wrsn) =3 (Z az> VL (%)
t=1 1

t=1 t=

rearrange:

T T t
(Zat> (,C(WTH)%(W*))SM gZ|gtH2 Z(Z )vc NE

i=1

Now, let’s finally start to use the definition of a;. Note that we have a? = °'_, «;. Thus:

T T
(Zat> <.c<wT+1>f£<w*>>gM 53 el - Za 1192 (x,)

insert the definition of g;:

T
Wi
= ool 5 eIV el - Za D92

e =P
2n
using Proposition[T5.3}
T2 W, — 2
B Cwrin) — £w) < P2
from which the result follows by observing that y; = wy. O

15.2 Alternative Proof via Potential Method

An alternative way to analyze the accelerated gradient descent algorithm (and other algorithms too) relies on the notion
of a potential (sometimes called a Lyapunov function). The basic idea is to define some quantity ®;, and show that at
every iteration of the algorithm, &, decreases. Then we have &1 < &. The particular form of ®; should be such that
this guarantee implies a convergence bound. As a warmup example, we can see how to use this technique to analyze
regular gradient descent for smooth convex losses. Both proofs in this subsection are based on the excellent survey
Bansal and Gupta 2019/

Theorem 15.4. Suppose L is convex and H-smooth. Let w1 = 0 and set wy11 = w; — nV L(w,) forn = % Define
@y = L|\wy —w, |2+ (t—1)(L(wy) — L(w,) (with @1 = Z|\wy —w.,||). Then for allt, @41 < ®. In particular:

Hiwy —w.|?*
L(wr) — L(wy) < ﬁ

Proof. First, notice that if we could establish that ®,; < ®;, we would have:
H H
(T = D(L(wr) = Lw.)) + 5 [wr = w|? = @ < &1 = o [[wy — w,
from which the final statement of the theorem is immediate. This is the whole idea of the potential method - we need
only establish the decreasing property.
To do this, let us write down ®;; — ®;, and try to show that it is non-positive:

Dy — B = H(L(wisa) — £(w2)) — (= D(Ew) — L)) + 5w —wal = L lw — wi?

H H
= t(L(Wip1 — L(Wy)) + L(wy) — L(wW,) + §||Wt+1 —w,|? - 5||Wt —w,|?
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Now, the first term £(w;41) — £(w;), we can bound using smoothness:
o H 4 2
L(wip1) < Lwy) —nl|VL(W)[]" + 57 [VL(w:)l
1
= L(wi) — 5 [VLw)|?
The second term, we use convexity:

L(w) — L(Wy) < AVL(Wt), Wt — Wy)

The third term, we simply compute using essentially the same algebra as our older analysis of gradient descent for
convex functions:

[wit1 — Wil = [we = nVL(wi) — w,|?
= |lwe — w,|? = 2(VL(wy), Wi — W) + 0*||[ VL (wy)||?

Putting this all together:

t H
D1 — P < —EHVE(WJIIQ +(VL(W), Wi — W) + 5 (=2n(VL(We), Wi — W) + 07| VL(wy) ||?)

_—@-1)
= T”VE(WJHQ <0

O

A key part of this proof is that we used fwo properties simultaneously: smoothness and convexity. Smoothness
allowed us to build an upper bound of the function, while convexity allows us to build a lower bound. Our prior
analyses only used one of each of these properties.

Now, let us generalize this technique to analyze acceleration. The key is to increase the coefficient on £(w;) —
L(w.) to be O(t?) rather than O(t). We also will need to change the “distance” term to be in terms of y; rather than
Wyt

Theorem 15.5. Consider the potential: ®; = 141 (L(we) — L(w,)) + Zly: — wi|[%. Then Algorithmensures
Py 1 < Py and so

9H |[|wy — w,|®
L —Lw,) < ——
(wr) = £(w.) < — 7732
Proof. First, observe that if &7 < ®;, we have:
arr—1(L(wr) — L(wy)) < &y
H|wi — w, |

2

Hilwy — w.|?

<

L(wr)— L(w,) <
(wr) — L(w,) SR
9H w1 — w,
- 2(T—1)2

where in the last line we have applied Lemma|15.3

H H
Pri1 = = an(L(Wepr) = L(W.)) = ara1(£(we) = L(w)) + S llyern = wall* = 5 lye = wa)”

H H
= a14-1(L(Wep1) — L(W)) + e (L(Wipr) — L(Wy)) + 5||Yt+1 —w,|? - 5||Yt —w,|?
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Now, again by smoothness we have:

£(wer) £ £0x) = 55 IVEGR)?

Thus,

. H H
Dyt — By < ane 1 (£0x0) = £we)) + ae(£0x) = £(w.)) = SEIVLG | + 5 lyers = wallP = 5 lye = wa?

Now, again by manipulating the squares, we have:
i1 = wull® = [lye — wall® = 20(ge, o — W) +7°||gel|?
= |yt — will® = 20 (VL(x:), ye — wa) + an? | VL(x:) ||
Putting this together:

)
2H

H
+ 5 (=200 (VL) ye = wa) + g [ VL))

Pri1 — Py < o1 (L(xe) — L(Wy)) + i (L(xe) — L(Wy)) — IVL(x)|?

2, 2
. _ H
Since a1,y = of and 7 = 1/H, we have — 35t + 7= = 0:

= an4—1(L(xe) = L(We)) + ar(L(xe) — L(Wy)) — ae{VL(Xt), ¥t — Wy)

now, use convexity twice:

< a-1(VL(xe), Xt — W) + a(VL(xt), % — Wy) — a(VL(Xe), ¥t — Wy)
= (VL(xt), 014X — Q14— 1Wt — Q4 yy)
)

where in the last line we have used:

x¢ = (1 = 7)Wi + Tiye
aq:t—1 Qi
= Wi+ —Yy:
a1 a7
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16 Lower bounds: stochastic convex optimization

In the previous section we have concentrated on algorithms that achieve provable convergence guarantees. Some of
these algorithms were “better” than others: for example, in the case of deterministic smooth convex optimization,
we saw that accelerated gradient descent appears to be strictly superior to ordinary gradient descent. This suggests a
natural question: is there something better out there? All of our work so far has been on variants of gradient descent.
Maybe if we were a little more creative, it would be possible to design a significantly better algorithm!

It turns out that in broad strokes the answer is “no”: when considering the types of optimization problems we
have looked at so far, it is impossible to design an algorithm that is uniformly better than gradient descent. Here,
we consider an algorithm A to be uniformly better than algorithm B if for all optimization problems in some class
of interest (e.g. smooth convex losses), A performs much better than B. Of course, this still allows for algorithms
that are non-uniform improvements. That is, it might be that A performs about the same as B on some optimization
problems, but on others it is able to perform much better. Since we will show that the algorithms we have seen so far
are already optimal, much of the recent progress in optimization algorithm is focused on designing methods that have
such non-uniform improvement, with the hope that problems that appear in reality lie in the set of problems that the
new algorithm has an advantage on.

Let us take a minute to appreciate what it means to prove that an optimization algorithm cannot be improved.
Our convergence guarantees all look like upper bounds of the following form: for all distributions over functions ¢
satisfying some conditions C', our algorithm A is outputs a point w such that satisfies some convergence property
F(w) < B. For example, in the case of stochastic convex optimization, C' is the condition that £ must be G-Lipschitz,
convex and satisfy |w.|| < R, F() = E[L(®) — L(w,)] and B = G—\/%. In the case of non-stochastic non-convex
smooth optimization, C' is the set of deterministic distributions (i.e. £ = £) such that £ is H-smooth and satisfies

L(wy) = L(w,) < A, F(id) = E[|VL()|[], and B = Y21

Thus, in order to prove the optimality of our optimization algorithms we need a lower bound of the form: for
all algorithms A, there exists a distribution over functions ¢ satisfying condition C' such that A’s output w satisfies
F(w) > B.

We will first work on lower bounds for stochastic convex optimization. Our lower bound will actually be informa-
tion theoretic rather than computational. That is, rather than showing that an algorithm requires a certain amount of
time or computer resources to achieve a given accuracy, we will show that a certain amount of data is necessary. Since
obviously any algorithm that needs /N data points must take 2(N') time to look at all the data, this is a strictly stronger
type of result. Thus, our bound will really be a result about how much data is required for learning in general.

The key idea behind the lower bound is construct two different distributions, D+ and D~ that are almost the
same in the sense that an i.i.d. sample (z1,...,27) ~ D7 is very difficult to distinguish from an i.i.d. sample
(21,...,27) ~ D™, and yet the expected losses LT (w) = E..p+[l(w,z)] and L~ = E..p-[¢(w, z)] are very
different in the sense that their respective minima are very far apart. If we could build two such distributions, then
intuitively no algorithm would be able to tell based on the data which distribution was the “true” one. Thus the
algorithm is in some sense forced to “guess” whether the true loss £ is equal to £ or £, and so it must output an
poorly performing @ on at least one of £ or £~.

In order to pursue this strategy, we need some formal descriptions of “closeness” of distributions. The most
relevant metric is the fotal variation distance:

Definition 16.1. Suppose P and Q) are two probability distributions on a common set of events E. Then the total
variation distance between P and () is:

TV(P,Q) = sup [P(A) - Q(A)|

In the case that we are considering distributions with densities, the following is a more typical characterization of
total variation distance:

Proposition 16.2. If P and () are probability distributions with densities p(x) and q(x), then

TV (P,Q) = %/X p(x) — g()|dx
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If instead P and Q) are distributions over a countable set with probability mass functions p and q, then:
1
= 52 lble) -
X

The value of the total variation distance is that it provides a way to quantify how “different” any function can be
when provided data from two similar distributions. In particular, consider random variables Xp ~ P and Xg ~ @
and an arbitrary function F'(X) such that F'(X) € [—1, 1]. Then:

|E[F(Xp)] - EF(XQ)]| = ‘/(F(x)p(x) — F(z)gq(z))dz| < /IF(x)p(l‘) — F(a)q(z)|dz < /Ip(w) —q(x)|dz < 2TV (P, Q)

Thus, if we let F' represent the output of our algorithm, we will be able to show that if the distributions D and
D~ have small total variation distance, the the algorithm must output similar points.

In order to bound the total variation distance, we introduce another “distance like” function of probability measures
that is sometimes easier to compute: the Kullback—Leibler divergence (KL divergence):

Definition 16.3. Suppose P and Q) are distributions over a countable set X with probability mass functions p and q.
Then the KL-divergence is defined as:

@ = ()

The KL divergence, unlike the total variation distance, is not a “metric” in a formal sense because it is not sym-
metric: KL(P, Q) # KL(Q, P). However, it is “distance-like” in the intuitive sense that K L(P, Q) > 0 for P # Q
and K L(P, P) = 0. More importantly for our purposes, the KL divergence satisfies the following useful property,
which is a special case of what is more generally called the “chain rule” for KL divergence:

Proposition 16.4. Suppose Py, and Q1 be distributions over a countable set X and suppose P> and Q5 are distri-
butions over a countable set Y with probability mass functions p1,p2,q1, qe. Let Py X Py be the product distribution
over the sample (z1,22) € X X Y with z1 ~ Py and zo ~ Py and z; independent of z, and similarly for Q1 X Qa.
Then:

KL(Py x P5,Q1 x Q2) = KL(P1,Q1) + KL(P»,Q2)

Proof. The probability mass function for P; x P is p(x,y) = p1(x)p2(y). Similarly, the probability mass function
for Q1 x Q2 is q(z,y) = q1(2)g2(y). Thus:

KL(Py x Py, Q2 x Q2) Zszy (g y))

y)
- S S nomes ()
_ XX: Zy: pr(@)p2(y) <10g <§i((g ) +log (2253))

_ 1o p1(x) - o p2(z)
=Yt Cooe (365) + Smio) Sonto o (35)
= KL(P,, Q1) + KL(P3,Qs)
0

This proposition makes it much easier to compute the KL divergence between the distributions of samples of size
n. Specifically, it implies that if P™ and Q™ are the product distributions for i.i.d. samples (21, ..., z,), we have:

The KL divergence is also connected to the total variation distance via the Pinsker’s inequality:
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Proposition 16.5 (Pinsker’s inequality).

V(P.Q) <\/3KL(P.Q)

Proof. Let us consider K L(P, Q) as a function P for a fixed Q:

= ZX:p(w) log <§Ei;)

Now, for any ¢ € [0,1], consider the interpolating distribution B, = Q(1 — t) 4+ ¢P with mass function r,(z) =
(1 —t)g(z) + tp(z) and the corresponding function f : [0,1] — R:

f(t) =F(r) = ri(x)log (Tt(x)>

q(z)

x

Notice that f(0) = KL(Q, Q) = >, q(z)log(1) = 0. The derivative is:

Fo=> dr;iix)(log(n(x)) +1—1log(q(x)) = >_(p(x) — q(x))(log(ry(z)) + 1 — log(q(x)))

x x

Notice that f/(0) = >, p(x) — ¢(x) = 0. The second derivative is:

win = (p(@) —q(x)? (p(x) — q(x)?
IO=2 e T A T e + @)

x x

Now, we have by Cauchy-Schwarz for any ¢:

ngw|—z¢ —4(z)l V= Dat) + )

—I—tp

\/Z 1—t +tp \/Z z) +tp(x)
f//

Therefore, by the mean value theorem there is some ¢ € [0, 1] such that:

@ _

KL(P,Q) = f(1) = f(0) + £(0) + =~ = "

Putting these facts together, we have the following Corollary:

Corollary 16.6. Suppose P and Q) are arbitrary distributions and P™ and Q™ are the associated product distributions.
Then:

TV(P",Q") < || 5KL(P.Q)

That is, the total variation distance between datasets of size n sampled from distributions P and @) only grows
as O(,/n), rather than say O(n). At first this might seem surprising as it seems to suggest that large samples from
different distributions are less different looking than one might have expected. However, if you are familiar with the
Central Limit Theorem, this may make a bit more sense. The CLT says that the average of a large sample from two
distributions tends to look like a Gaussian, and so it may be more reasonable to think that the large samples are not as
far apart in total variation distance as one might expect naively.

Now that we have these preliminary results out of the way, we can begin to prove our main lower bound:
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Theorem 16.7. Given R, H and G, there exists a function £ : R x {1,—1} — R such that ¢(w, z) is G-Lipschitz,
H-smooth and convex for all z and two distributions DV and D~ over {£1} such that if we define LT (w) =

E.wp+[l(w,2)] and L~ = E,.p-[l(w, 2)] with w] = argmin Lt and w; = argmin L, then ||wE| < R and
any function F' : (z1,...,2r) — R satisfies either
G(R—-G/H)?
E [LT(F(z,...,or)) — LF(wh)] > SN 2
(Zi)wm[ (F (=1 7)) (w)] N
or
_ _ G(R—-G/H)?
E [£7(F(z1,...,27)) — L™ (w})] > —— A=
(Zi)ND_[ (F(z1 7)) (w] YN
. G(R—G/H)? GR
Further, if H > 2G /R, then SRVoT > SVor
Proof. Let us start by defining the function ¢. To do so, we define:
0 ifxr >R
fx)={ (- R)? ifz € [R—G/H, R
~G(z-R)- & ifr<R-G/H

Observe that f is H-smooth, convex and G-Lipschitz. We then define ¢(w, z) = f(wz) for z € {1,—1} and w € R.

Next, we specify the distributions D* and D~. Let D* be such that P[z = 1] = 4% and P[z = —1] = 5¢
for some constant C' € [0,1/2] that we will specify later in the proof. Similarly, let D~ set P[z = 1] = 1< and
P[z = —2] = 1€ for the same constant C.

Now, for ease of notation let’s define Z+ = (21,...,2}) ~ (D)7 and similarly for Z~. We also define
wt=F(Z ) andw™ = F(Z™)

Let us define LT (w) = E,p+[¢(w, 2)] and L™ (w) = E,~p- [¢(w, 2)]. Then we have for any w > R:

1—
(e w) = 615
and for any w < R — %:
1 1-—-
(L) (w) = —G%C + ch'(—w) <-GC <0

where we have used G-Lipschitzness of f. Therefore, w) € [R — G/H, R]. Similarly, we have w; in[—R, —R +
G/H)]. Thus, |w¥| < R. Further, for any w € [~ R, R], since (£*)"(w) < —GC forw < R—G/H and (L™ (w) >
GC forw > —R + G/H, we have:

LT (w) — LT (w}) > GC(R—w— G/H)
L7 (w)—L (wy)>GC(w+R—-G/H)

This establishes the important properties of £* characterizing how they are sufficiently different from each other:
their minimizers are roughly 2R apart, and choosing an incorrect point makes either loss grow linearly.
Now, let us characterize the difference between the distributions D™ and D~ First we calculute the KL divergence:

1+C 1+C 1-C 1-C
KL(D",D™) = 5 10g<1 >+ 3 log(1 C)Clog(lJrC’)Clog(lC’)

Now, since 0 < C < 1/2, we have

1+2C

IN

1-C
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(to verify this, notice that it is equivalentto 1 < 1+ C — 2C?). Therefore:
KL(DY,D7) < Clog(l +C)+ Clog(1+2C)
< 3C?

where in the last line we have used log(1 + z) < z for all z > 0.
Therefore, if we define (D*)7 to be the product distributions over the i.i.d. sample (21, ..., zr), we have:

;;'PW =2)= P27 =Z)| =TV((D")",(D7)") < \/WS c\/?T

Now, we make a simplification: define

F(Zl,...,ZT) :H[—R,R]F(zla-u,ZT)

notice that since |w¥| < R, F will satisfy

E[LH(F(Z7) = LY (wr)] < E [LH(F(ZF)) = L5 (w))]
zZ+ zZ+
and similarly for Z~ and £~. Thus without loss of generality we may prove the theorem for F instead of F. This

allows us to assume that F' has a bounded output value. Thus, for the remainder of the proof, we assume |F(Z)| < R
for all Z.

Therefore

E[w"] — E[w7]

Zt = Z|F(Z) — P|Z~ = Z]F(Z)
[ Z]

IN

> Pl
Z
RY |P[z* =Z]- Pz~ = Z]|
Z
<2R-TV((DY)T, (D7)T)
< RCV6T
Now, we have:
E[LT(@F) = LT (w)] +E[L™(07) = L7 (w;)] > GC (E[R —w™ — G/H] +E[w™ + R — G/H])
=GC(2R - 2G/H — (E[w"] — E[@7]))
> (2(R ~G/H)C - RCW(TT)

Now, we can optimize for C: set C' = RVoT to obtain:
. o o G(R—G/H)2
ElLT(wh) — LT (w)] +E[L™(07) - L7 (w))] > ——FL—
£ () = £ ()] ELL™(07) = £ )] > T
Now, since for any positive a and b, 2 max(a, b) > a + b, we must have
G(R— G/H)2

max(E[LT (") — L (w)], +E[L7(@7) = L7 (w,)]) > SRoT

. B G(R—-G/H)* GR
Now, if H > 2G//R, we have R — G/H > R/2, so that SRV 2 3oT
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17 Lower Bounds: smooth, convex, deterministic

Now we will move beyond stochastic losses to discuss lower bounds for deterministic smooth convex losses. Here, we
will adopt a rather different proof strategy. Since the setting is deterministic, we cannot rely on somehow “confusing”
the algorithm by providing it with hard-to-distinguish distributions. That is, information theoretic arguments are not
viable. Instead, we will exhibit a fixed “hard” function £ that any algorithm will require significant time to optimize.

Instead of exhibiting a fixed hard function £, we will actually consider a relatively “easy” looking function £, but

Our overall strategy will be to consider a distribution of the /s that have so much noise that it is difficult to identify
L accurately.

As a result, we will actually be able to be much much less restrictive on the types of algorithms we allow. Rather
than restricting ourselves to the oracle model of access and zero-respecting algorithms, we consider an algorithm to
be any function that takes as input a dataset of 7" samples 21, . .., zr and a convex, Lipschitz and smooth loss function
¢(w, z) and outputs a point @. As a result, our lower bound is actually significantly more powerful than simply a
bound on optimization algorithms: it can be viewed as a bound on how much data is required for learning in general.

The basic ideas behind this “hard” function discussed in this section can be also used to build lower bounds for
deterministic non-smooth convex optimiation, as well as for both the determinsitic and stochastic smooth non-convex
case. While the convex bounds are “classical” (known since the 70s [Nemirovskii and Yudin [1979])), the non-convex
bounds were only developed a few years ago (see Carmon et al. 2019; Carmon et al. [2021; Arjevani, Carmon, J. C.
Duchi, Foster, Srebro, et al.[2022). The high-level ideas of these proofs are very similar to the convex case, but the
technical details are significantly more involved.

17.1 Deterministic Smooth Convex Losses

In order to prove a lower bound for the deterministic case, we need to formalize some assumptions about how our
algorithm is able to access the loss function £. Otherwise, it is difficult to be precise about how the algorithm can or
cannot proceed. That is, we need to specify what the optimization algorithm can take as input. Can it see a lookup
table of pairs (z, £(x))? Does it get as input some C-source code describing how to compute the function £? The
way in which £ is provided to the algorithm can have drastic impact on how easy it is to optimize. For example,
if £ is provided as some source for computing £, then it is conceivable that a very complicated algorithm could
quickly perform some analysis on this code to compute the minimizer very fast. This is a significant deviation from
the stochastic case, where we allowed our algorithm to be essentially any data-processing function.

We formalize our access to £ via the oracle model. That is, our algorithm has access to an oracle function O
such that O(w) = (L(w), VL(w)). O is sometimes also called a first order oracle, in contrast to a second order
oracle which might return (£(w), VL(w), V2L (w)). To measure the performance of our algorithm, we will count the
number of oracle calls required to find a « with small £(«). We say that an algorithm A that accesses £ only through
a first order oracle is a first order algorithm. Clearly, every algorithm we have discussed so far in class is a first order
algorithm.

With this formalism, it makes sense to define the iterates of a first-order algorithm A as:

Definition 17.1. Let A be a first-order algorithm and let O be a first-order oracle. Then the iterates of A are the
sequence of inputs w1, . . ., wr that A provides to O.

We will further make another restriction on algorithms A: we will assume that A is zero respecting, defined
formally below:

Definition 17.2. Let A be a first-order algorithm. Given a first-order oracle O, let w1, ..., wr be the iterates of A
and let the outputs be O(wy) = (L, g:). We say that A is zero-respecting if for all O, wy[i] = 0 for all i such that
g-[¢] = 0forall T < t.

More informally, an algorithm is zero-respecting if it starts at the origin w; = 0, and from then on only changes
an ¢th coordinate of w; to be non-zero if it has encountered a gradient g, whose ith coordiante is non-zero. Intuitively,
the algorithm is not allowed to randomly “guess” values of w - it can only make a coordinate non-zero if there is
some “evidence” that it should be non-zero. While this may seem restrictive, notice that every single algorithm we
have considered so far (and in fact every algorithm we are going to consider later in the course) is a zero-respecting
algorithm. Nevertheless, it is possible without too much trouble to extend proofs that only hold for zero-respecting
algorithms to arbitrary deterministic algorithms: because such algorithms are still not allowed to “guess”, one can
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cleverly rotate coordinate systems to view any such algorithms as essentially zero-respecting. With somewhat more
trouble, it is also possible to extend the techniques to randomized algorithms.
Our lower bound now takes the following form:

Theorem 17.3. Let T, H and R be given. Then there is a convex function £ : RT — R that is H-smooth and
satisfies ||wy|| < R for w, = argmin L such that for any first-order zero-respecting algorithm A, the first T iterates
wy, ..., wr all satisfy:

HR?
81>

E(wt) — E(w*) Z

Before proving this theorem, notice that it is actually stronger than we really require for a lower bound: the function
L is universal in the sense that it does not depend on A. That is, this function is in some sense so “difficult” that any
first-order zero-respecting algorithm will have trouble optimizing it. However, if we were to drop the zero-respecting
condition, we would need to retreat to the easier task of defining a function that is tailored to the specific operation of
A.

Notice also one peculiarity of Theorem the “hard” function £ is a T-dimensional function. If we force £ to
be a d-dimensional function for some bounded d < T, it turns out that the Theorem is false and that in fact there is an
algorithm that outperforms accelerated gradient descent.

Without further ado, let’s see the proof.

Proof. Define the function £ : R¢ — R to be the following quadratic:

H R
— (w[1] = 7

We will later set d = 7', but for now let us just consider arbitrary d to get a handle on how the function behaves.
Let us verify that £ is convex, H-smooth and satisfies ||w. || < R. To this end, the gradient of L is:

L(w) = = (w[2] — w[1])? + = (w[3] —w2])2 + - +

2
)"+ 3

T
T
oo &

(wld] — wld - 1])*

VL(w) = %(Qw[l} - % —w[2],2w[2] —w[1] —w[3],...,2w[d — 1] — w[d] — w[d — 2], w[d] — w[d — 1])
Clearly, the gradient is zero when w([l] = w([2] = --- = w[d] = %. Thus w, = (R/Vd,R/Vd,...) and so

lws|| < \/dR?/d = R. Further, clearly we have £(w,) = 0.
Next, the Hessian of L is:

1 —% 0 0 0
-3 1 -3 0 0
gl o -+ 1 -1 o0
VL(w) = R .
0o 0 -3 a -1
0 0 -5 1
Let’s consider an arbitrary vector v and compute v V2L (w)v:
H
v VAL (w)v = 5(1}[1]2 —v[1][2] + v[2]? = v[2Jw[3] + - - - — v[d — 1Jv[d] + v[d]?)
H 1 1 1 1 1
= S (50l12 + S(0[2] = o[1])? + 5 (0[2] — v[3) + -+ + 5 (vld] — vld — 1)* + Suld]?)

This clearly implies v V2L (w)v > 0 so that £ is convex.
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H (1 | v[2? w2 | w3 v(d]?
< (w12 9]2 S 2
2(v[]+ 5 1t +v[2]" + 5ttt + v[d]?)
d
H .
< —
<5 ;20[2]
< HlJv|]?
so that £ is H-smooth.
Now, need a final important property of £: for any w such that w[d] = 0:
HR?
L(w) — L(w,) > 2
Let us prove this property. If w satisfies w[d] = 0, then we can write L(w) as:

H H H H H
£lw) = 5 (w1 = ZH + Gl = 0l + wls] = w2+ ol = 1) = wld = 2)° + Fuld 1P
The gradient subject to w[d] = 0 is:

H R
VL(w) = Z(Qw[l] v w[2], 2w[2] — w[l] —w[3],...,2w[d — 2] — w[d — 1] — w[d — 3], 2w[d — 1] — w[d — 2])
This is zero when w(d — i] = L= this can be checked by observing that for i € [2,d — 2],

avd’

2wld — i) — wli — 1] — wli + 1] = 2 iR (i-)R (+DR _

dvd dvd dvd

and
2uld — 1] — wld — 2] zzd%_ % _
and
R _(d-1DR dR (d-2)R
2wl = = T AT ava
(2d—2—d—d+2)R
dvd
=0
For this value of w, we have
£w) = 2 (@ =1 = d (@ =3~ (@ =D+t (122413
_ HR?
T 8d2

The bound on £(w) — L(w,) now follows from observing that £(w,) = 0.

With these properties out of the way, we can proceed to show the lower bound. The strategy will be to show that
for any ¢ < d, we must have w;[i] = 0 for all ¢ > ¢ as a consequence of the zero-respecting property. Therefore, if
T < d, we have wy[d] = 0 for all t < d and as a result £L(w) — L(w,) > g2. Thus, by setting d = T', we conclude
the desired result.

76



To show this, we now leverage the peculiar structure of £. Notice that by assumption w; = 0. Next, for purposes
of induction, suppose that for some ¢, w,[i{] = 0 for all ¢ > 7. Then observe thatif 7 + 1 < j < d — 1, we have
wr[j] = w,[j + 1] = w,[j — 1] = O since ¢ < j. Thus:

VL(w-)[j] = 2w-[j] —wr[j = 1] —w-[j +1] =0
Further, if 7 4+ 1 = d, we still have w, [d] = w,[d — 1] = 0 so that:
VL(w )T+ 1] =w [t+1] —w,[t] =0

So no matter what, VL (w,)[j] = 0forall t + 1 < j < d whenever 7 < d = t. Thus, by the zero-respecting property,
wry1[i] = 0forall ¢ > 7 + 1 as desired. O

17.2 deterministic non-zero respecting algorithms

In this section, we briefly sketch how to extend the above techniques to any deterministic algorithm regardless of
whether it is zero-respecting or not. Here by deterministic we mean that the algorithm has no internal randomness.
That is, the first ¢ outputs of the oracle (I1,¢1),. .., (I¢, g:) uniquely determine the ¢ = 1st iterate w4 1. In contrast, a
randomized algorithm might choose w;,; from e.g. a Gaussian centered at some particular mean fis1.

For such an algorithm, we consider a family of possible loss functions in a 27" dimensional space:

H R\> H&
‘CU = 5 ) N — o s Ui — U 2
(w)= 3 <<w o) ﬁ) g 2 i — )
where v1, ..., vp are a sequence of orthogonal unit vectors. By essentially the same arguments as in Theorem [17.3]
we have that w? = argmin £, satisfies ||w?|| < R for all v, and £,, is convex and H-smooth.

We claim that for any deterministic first-order algorithm A, there is a vy, ..., vy such that when A is provided a

first-order oracle for £,, the first T iterates of A satisfy:
HR?
Ly —Ly(w]) >
(wt) (’LU*) = 872
Notice now that the loss £,, depends on A, while previously it was a universal loss that stymied any zero-respecting
algorithm.

We may without loss of generality assume w; = 0 by potentially translating coordinate systems. Then, to construct
v1,..., o7, first set v1 = (1,0,0,...). Next, notice that since wy = 0, VL, (w;) and £, (w;) do not depend on the
choices va, ..., vr. Thus, wo is purely a function of v;. In particular, if v; is orthogonal to w; for all ¢ < j, then
(wy,vj) = 0forallt < j and so

T—1
H R H
<VEU(Wt),Uj> = Z (<’w7’01> — ﬁ) <’U17’Uj> + Z ;((w,viﬂ — ’UZ‘>)<U1‘+1 — V4, Uj>
t—1
H ( R H
=5 (o) = Z5) )+ 5 w1 = o) i = iy
4 VT 4 i=1
In particular (VL,(w;),v;) = 0 for all j > ¢. Thus, in general w, cannot depend on vy, . .., vr.

Thus suggests a simple way to choose v;: set v; to be an arbitrary unit vector orthogonal to both vy, ;v;_; and
wy, ..., w;s. Since the space is 27" dimensional there is always such a vector, and w;; will then be a function only of
v1, . .., U so that the process is well-defined. We then maintain the property (wy, vr) = 0 forall T and £, (w) > gﬁ;

for any w with (w, vy) = 0 so that the lower-bound argument proceeds nearly identically.

17.3 randomized non-zero respecting algorithms

Now, let us allow our algorithms to use some internal randomness. While perhaps counter-intuitive, there are important
examples in widespread use today in which allowing an algorithm randomize its operation can yield surprising benefits
(for example, check out the Rabin-Miller primality testing algorithm).
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We model the randomness of the algorithm by allowing it to have access to [NV “bits” of randomness. That is, in
addition to the oracle, the algorithm gets as input a element value » € {0, 1}V where r is chosen uniformly at random
from all 2%V possible bit strings of length N. To map this notation onto more familiar uses of randomization when
programming, let us supppose that the algorithm will make at most C' calls to some standard rand () function that
returns a random double-precision floating point number between 0 and 1, or a random 32 bit unsigned integer. Either
way, what this function is really doing under the hood is simply providing 32 uniformly random bits. So, we can
imagine that the algorithm recieves at the start the value r € {0, 1}?2¢, and then each time it calls rand (), it simply
extracts the next 32 bits from r to construct the output.

What this means is that our algorithm is effectively going to randomly choose to run one of 2%V non-randomized
algorithms. So, if we can design a function that is simultaneously hard for all of these algorithms, then this function
must also be hard for our randomized algorithm.

To do this, we extend the argument for non-randomized non-zero respecting algorithms by expanding the dimen-
sionality dramatically. Consider a family of possible loss functions in a 7’ 4 2 T-dimensional space:

T-1

Luw) =5 (o) = T2 + 5 X (i = uiy?

i=1
where again vy, . . ., vp are orthogonal unit vectors. We claim that for any set of 2/ deterministic first order algorithms
A, ..., Ayn, there is a vy, ..., v such that for each ¢, when A; is provided a first order oracle for L, the first T’

iterates satisfy:

HR?
v
Loy(we) = Lo(w]) > 37?2
Let us construct this sequence. Let w! be the tth iterate of A;. Then since v € RT+2"T there exists some unit
vector v1 with (v1, w}) = 0 for all w}. Now, notice that w} is purely a function of vy, ...,v;_; forall ¢ > 1 and all i.
Therefore, for any sequence vy, . .., v,_1, the t — 1 + 12V vectors vy, ..., ve_1, wl, ... wl, ... w? ..., w?" span

atmost at — 1 + 2V dimensional subspace of RT”NT, so that for ¢ < T, we can always choose some unit vector
v; orthogonal to all these vectors. This sequence of vectors v; causes all the 27V algorithms A; behave as if they were
essentially zero-respecting in the basis determined by {v1, ..., vr}, so that the lower bound argument again proceeds
identically.

Note that this argument requires a huge dimension for the problem. That is why these lower bounds are considered
dimension-free: if we restrict ourselves to low dimensional problems, it is in fact possible to do much better.

It is possible to improve these dimensionalities: More advanced constructions can obtain similar bounds for
randomized algorithms without the exponential blowup in the dimension. This is accomplished by random rotations,
in which we take the original hard instance for zero-respecting algorithm w — £(w) and replace it with w — L(Uw)
where U € R%*? is a randomly selected rotation matrix. The high level intuition is that this random rotation will
“scramble” the axes in such a way that even a randomized algorithm will be unable to “guess” which coordinates to
move to so that it behaves essentially like a zero-respecting algorithm. However, these arguments are significantly
more technical and so we do not cover them here.

Limitations of this randomization model In this section we modeled randomness by giving the algorithm access
to a sequence of /N random bits. While in some ways this is very natural, it does not actually mesh particularly well
with the notion of an algorithm that is able to manipulate and output real numbers: real numbers technically take
infinitely many bits to represent, so there is a bit of a type mismatch in how we are analyzing algorithms. In particular,
finite randomness rules out operations like sampling from a normal distribution. However, the more refined techniques
alluded to above can avoid this issue. Moreover, with sufficient dedication one could instead replace the lower bounds
in this section with floating point variants to remove all reference to real numbers.
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18 Lower bounds: non-convex optimization

In this section we will extend the techniques developed in the previous section to non-convex losses. We will show
that our bounds for both deterministic gradient descent as well as stochastic gradient descent are tight. The proofs are
very mildly simplified versions of those presented by Carmon et al. 2021/ and Arjevani, Carmon, J. C. Duchi, Foster,
Srebro, et al.[2022|

We will again restrict ourselves to counting oracle queries by a non-randomized zero-respecting algorithms (see
the techniques in the previous section for how to lift this restriction). The high-level idea is also the same: build a
“hard” function for which only on coordinate can be “discovered” by the algorithm at any one iteration. A sufficiently
tricky algorithm construction will suffice for the deterministic case. For the stochastic case, we will need to also
modify the notion of the oracle to be a “stochastic” oracle, which will be discussed later.

18.1 Deterministic lower bound
Our deterministic lower bound hinges on constructing a function £ : R? — R that is:
1. L is H-smooth for some specified H.
2. £(0) — L(w,) < A for some specified A.
3. VL(w) is “large” whenever the last coordinate of w is zero.
4. The ith coordinate of VL (z) is zero whenever the w[j] = 0 for j > i.

The first two conditions mean that £ is “easy enough” in the sense that it fits into our upper-bound constructions
(bounded smoothness, bounded initial suboptimality). The second condition means that we cannot find a critical point
unless the last coordinate is zero. The final condition will enable us to argue that any zero-respecting algorithm must
need O(d) iterations to make the last coordinate zero.

Our construction will be a bit more complicated than in the convex case. We will need the following two functions
®:R—Rand¥:R =R

0 r<0
8 € [0,1]
O(x) = —(—2)3+6(x—2)+6 x€[1,3]
(x—4)>+12 € [3,4]
12 r>4
the derivatives of ® are:
0 xr <0
3z z €10,1]
®'(z)={ -3(x—2)?+6 xz€]ll,3
3(x —4)? z € [3,4]
0 >4
0 z<0
6x € [0,1]
' (z) = —6(zx—2) z€]l,3]
6(x —4) € [3,4]
0 r>4

In particular, ® was designed to have bounded second derivative, zero first derivative for small and large inputs,
and always have non-negative first derivative. This was obtained by integrating the piecewise linear function:
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4l
—64
-1 0 1 é 3 4 5
(b//
The second derivative is then:
6]
5 |
4 4
3]
5]
1]
o]
-1 0 1 é 3 4 5
(p/
yielding the final function:
124
101
8]
6]
2l
5]
o]
-1 0 1 é 3 4 5
(0]

In particular, this function “looks like”” a smoothed out version of the step function.
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Next, we need another carefully constructed function. This one is another smoothed version of the step function,
but has a linear region for the entirety of the “transition period” of the first function ®:

0 z < —6
(z+6)3 z € [—6,—5]
—(x+4)*+6(x+4)+6 x5 —4]
U(x) =14 6x+30 x € [—4,4]
—(x—4)*+6(x—4)+54 x € [4,5]
(r —6)% + 60 x € [5,6]
60 T >2
60
50 4
40 A
304
204
104
ol —
—6 —4 -2 6 2 4 6
v
The derivatives are:
0 z < —6
3(x + 6)? x € [—6,—5]
—3(z+4)*+6 ze[-5—4]
U'(z)=< 6 x € [—4,4]
-3(z—4)?2+6 x € [4,5]
3(x — 6)? x € [5,6]
0 x> 2
6
5
4
3
2
11
ol —
—6 —4 -2 (I) 2 4 6
\I//
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|

—6(z+4) €[5 4

U(z)=4¢ 0 z € [—4,4]

—6(x —4) x € [4,5]

6(z —6) x € [5,6]

0 T > 2
6
ol
2

o] —

.y
4]
64

-6 —4 -2 (I) 2 4 6

\II//

Now, we are almost ready to define our function £. £ will be defined as L(w) = A - R(B - w) for scalars A and
B to be specified later, and the function R : RT — R defined by:

R(w) = — (@(4)\11(“:[1]) + Y B(wlt — 1) W(wlt]) — S(~w(t - 1})‘1’(—W[t])>

The ith coordinate of the gradient of R has the expression:
VR(wW)[i] = —@(wli — 1) ¥’ (w[i]) — ®(=w[i = 1]))¥'(=wl[i]) — ®"(w[i]) ¥ (wli + 1]) — " (—=w[i])¥(-w][i +1])

where we define w[0] = 4 and w[T + 1] = 0 to make the above expression valid for all ¢ € [1,T].
This function has the same “hiding coordinates” behavior that we need for zero-respecting algorithms:

Lemma 18.1. The function R satisfies:
1. R(0)=0
2. R(w) = =720T
3. If wl[i] = 0 forall i > j for some j, then VR(w)[k] = 0 forall k > j + 1.

4. If w[i] = 0 for all i > j for some j, then if k is the smallest index such that |w[j]| < 4 forall j > k, we have
[VR(w)|| = [VR(w)[k]| = 72.

5. R is 464-smooth.
6. |VR(W)| < 864
Proof. 1. This is immediate from the observations ®(0) = ¥(0) = 0.

2. Notice that 0 < ®(z) < 12 for all z, and 0 < ¥(z) < 60. Moreover, clearly at most one of ®(z) and ®(—x)
can be non-zero. Therefore ®(4)¥(w[1]) < 720 and ®(w[t — 1)) ¥ (w[l]) — &(—w[t — 1)) ¥(—w]t]) < 720
for all £. Thus R(w) > —720 — Y/, 720 = —720T.
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3. Forany k > j + 1, we have w[k — 1] = w[k] = w[k + 1] = 0, so that since ®(0) = ¥(0) = &’'(0) = ¥’(0),

we have VR(w)[k] = 0.

. Let k be the smallest index such that [w[j]| < 4 for all j; > k. Since the assumption implies w[T| = 0, we
know such a k must exist. Then we have:

VR(wW)[k] = ~®(wlk — 1) ¥ (wlk]) — ®(~wlk — 1)¥'(~w[k]) — & (wlk])¥(wlk + 1]) — &' (—wk]) ¥ (-~
< —®(wlk — )W (wlk]) + D(~wlk — 1))¥'(~w[k])
—6D(wlk — 1]) + 6®(—wk — 1))

= 72

where in the first inequality we have used: ®'(w[k])¥(w[k+1])+®'(—w[k]) ¥ (—w[k+1]) > 0, which follows
since 0 < ®'(z), U(y) for all 2,y as can be observed from inspecting the relevant equations. In the third line,
we have use |w[k]| < 4 and the expression for ¥’(z), and in the last line we used |w[k — 1]| > 4 (which follows
by the minimality of k) to conclude that exactly one of ®(w[k — 1]) and ®(—w[k — 1]) is non-zero and the other
one is 12.

Thus, since one coordinate of VR is at most —72, the entire vector must have norm at least 72.

. We have:
=& (wli — 1)) ¥’ (w(i]) + @ (wi — 1)) ¥’ (—=wl[i]) j=i-1
—d(wli - 1]).\P”(w[i]') + &(—w /[/z —1] ‘\Il”( w[z]) =i
V2R(wW)[i, ] = =" (wli))U(w[i + 1]) + D" (—w[i]) ¥ (—w[i + 1])
— (W)U (wli + 1]) + &' (—w[i]) V' (—w[i + 1]) j=1+1
0 otherwise

Thus by bounding magnitudes from our expressions for ®, ¥ and their derivatives:

36 j=1—-1
. 432 j=i
|V2R(W)[z,]]|: 36 j—it1
0 otherwise
Overall, this implies that for any v € RT:
v V2R(w)o|| <4322 +322\v o[t - 2]

apply young inequality to the second sum:

T

64> w[t]* = 4620

so that R is 464-smooth.

. Since |®'(z) U(z)] < 6, |®(x)] < 12 and |¥(x)| < 60, the bound follows by applying triangle
inequality to the expression for each coordinate of the gradient.

O

Now, we can finally define our hard loss instance:
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Lemma 18.2. Given A, H and T define:

A (VH?QOTW) ®)

£ = 2o\ Vasaa
This function L satisfies:
1. £(0)=0
2. L(w) > A
3. If wli] =0 foralli > j for some j, then VL(w)[k] =0 forall k > j + 1.
4. If wli] = 0 forall i > j for some j, then if k is the smallest index such that |wj]| < 4 for all j > k, we have

IVL(W)|| = [VL(w)[k]| = ¥5E.

5. Lis H-smooth.

2VAH
6. [IVL(W)| < 25T
Proof. This Lemma follows quickly from Lemma[I8.1] The first three properties follow immediately from the first two
properties in Lemma The fourth property follows from the fourth property in Lemma since VL(w) =

VT20HT VHT20T . _ _A  VH720T VH720T VHT720T
NCTE VR( & W ). The fifth property follows since VIL(w) = w5or - TR TS V2R (W

A VHTNOT VHTOT 4647 — H . The final property follows since || VL(W)|| oo < st - H720T~HVR ( v H72OTW) H <

_A
720T
W) =<

7207 \/464A 464A 20T /464A V464A -
A VH720T : :
T Ti6iA 864, follows by numerical computation. O

With this function in hand, can nearly immediately conclude:

Theorem 18.3. For any H, A, T, there is a H-smooth function L : RT — R with £(0) — infy £(w) < A such that

any zero-respecting algorithm A with iterates w1, . . . , W provided with a first-order oracle for L satisfies:
vVAH
IVL(wr)l 2 —=
WNT

Proof. Let L be the function defined by (8). By Lemma[18.2) £ is H-smooth and £(0) — infw £(w) < A. Further, by
Lemmapart 3 and the zero-respecting property of A, we have that wz[T] = 0. To see this, we argue by induction
on k that w[i] = 0 for all ¢ > k for all k. Clearly the statement is true for all k& < p for some p.. Assume it holds for
some k. Then by Lemma(18.2]part 3, for all k < p, VL(wy,)[j] = 0 forall j > k + 1, so that VL(wy)[j] = 0 for all
j > p+ 1. Thus, by the zero-respecting property wy,1[j] = 0 for all j > p + 1 as desired.

Finally, by the last part of Lemma , IVL(wr)|| > %. O

18.2 Stochastic Lower Bound

Now, we turn our attention to the case of stochastic losses. Here, our model for how the algorithm gains information
about the loss will still be consistent with all algorithms and analysis we have done so far in class, but will clearly have
some holes that could potentially be exploited to get around the lower bound. Exploiting these holes is still an active
area of research.

We define a stochastic gradient oracle for a function £ as a function Othat takes two inputs, a point w € R? and
random value z, and produces as output a vector in R? such that:

E[O(w,2)] = VL(w)

z

Note here we remove the possibility that the oracle also outputs an estimate of the function value £(w). This simplifies
our presentation a bit, and since all our algorithms use only gradients rather than function values, still shows that our
analyses are optimal.
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The standard example of a stochastic first order oracle for a function £(w) = E,[¢(w, 2)] is the function w, z —
Vi(w, z). However, weirder oracles are possible. Our lower bound construction will build a somewhat strange
stochastic oracle that is not of the same form as this standard example. However, all of our algorithm analysis so far
has not used any particular properties of the oracle other than the unbiasedness inherent in the definition, so this lower
bound does show that any attempt to improve the analysis must necessarily use more information about the oracle.

To define our oracle, we need to specify the distribution for z. Suppose that the random values z are elements of
{0,1}. Let p be the probability that z = 1. Next, our “hard” function will be exactly the same function £ defined
in . Let w € R? and let k be the smallest index such that |[w[j]| < 4 for all j > k. Then the oracle is defined as
follows:

: VL(w)[i] i#k
O(w, 2)[i] = { %VE(W)UC] i=k ©))

If there is no such k, then define O(w, z) = V.L(w) regardless of the value of z.

Clearly, since E[z/p] = 1, O is a stochastic oracle. Moreover, notice that the way O is defined, with probability
atleast 1 — p, VL(w)[k] = 0. Thus, intuitively the only way a zero-respecting algorithm can “observe” the non-zero
gradient coordinate k is to query the oracle roughly O(1/p) times in order to “get lucky”. Thus, we should expect the
algorithm to take roughly O(T'/p) iterations to discover all T’ coordinates.

Pursuing this intuition, we see that by setting p = 1/7', we can force the algorithm to use about N = O(7?)
iterations in order to find a point with gradient with norm at most at most O(1/v/T) = O(1/N'/*). Moreover, the
variance of this oracle is concentrated in only the coordinate k. A little calculation will show that this variance is
O(VL(w)[K2/p) = O(1).

Let us begin formalizing this intuition. First, we show that the the oracle O has bounded variance:

Lemma 18.4. The oracle defined by (9) satisfies:

T

4A
Var (O(w, z)) < Tp

Proof. By Lemma|18.2] we have:

IVL(w)[K]] <2

Clearly, the only coordinate of O(w, z) that can differ from the mean is the kth coordinate. Therefore the variance is
bounded by:

O

Next, we establish that any first order algorithm will take roughly O(T'/p) iterations to arrive at an iterate with
w[T] # 0:

Lemma 18.5. Suppose A is a zero-respecting algorithm operating with the stochastic oracle (9). Then for any N, the

probability that w N [T] # 0 is at most %. In particular, with N < %, the probability is at most 1/2.

Proof. Clearly by the zero-respecting property and the previously investigated properties of L, if wy[j] = 0 for all
j > k, then wy1[j] = 0 forall j > k as well if z = 0, and otherwise wy1[j] = 0 for all j > k + 1. From this, we
conclude that the only way for wy [T # 0 is for ij:l zn > T. That is, there must have been at least T iterations for
which z = 1. So, we are reduced to asking what is the probability that Zf:’zl zn > T. To answer this question, we
observe that E[EnN:1 zn] = pN so by Markov inequality, the probability that ZT]:[:I z, > T is at most %. O

Note that in fact the probability bound in this Lemma can be considerably improved using tighter bounds on the
binomial distribution, but the coarse Markov inequality result we showed above is good enough for our purposes here.
We can now conclude:
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Theorem 18.6. Given any o2, H, N and A such that N > o /8AH, there exists T and an H-smooth function L :
RT — Rwith £(0) —infy, £(w) < A with a stochastic first-order oracle O(w,+1) — RT such that Var(O(w, 2)) <
o? and for any zero-respecting algorithm A, the Nth iterate w  satisfies:

VovAH
ENVLWIIL = Sy

Proof. Let the function £ and oracle O be as defined above in (8) and (EI) Letussetp = 47%71;[ so that by Lemma ,
the variance of the oracle is at most o2. Further, set 7' = [¥ 81;’ AH 1< 2v 8{‘\[ AH , where the inequality follows since
V8NAH /o > 1 by our assumption on N. Thus N < % Now, by Lemma , we have that wx[T] = 0 with

probability at least % = 1/2. Further, by Lemma , we have that if wy[T] = 0, then |VL(wy)|| > V4\A/§I.

Therefore,

=~
-

E[IVL(wn)I] =

2

AH
8 SNAH

vVovAH

T ol7/AN1/4

Y

oo
mq§
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19 Per-Coordinate Learning Rates
Let’s consider a simple linear regression problem:

y= <w,x>

Suppose for example that we are trying to predict the identity of a speaker from two options given what they said.
We’ll say that positive g indicates that the speaker is person A and negative ¢ indicates that the speaker is person
B. Suppose that x is be a bag-of-words feature vector. This means that x is a vector with one coordinate for every
possible english word, and the value of x at coordinate 7 is the number of times word ¢ appears in whatever sentence
or paragraph x is representing.

In this setting, the ith coordinate of w represents a kind of “score” for how much we believe the ith word is
associated with either speaker. Large positive values indicate that the ith word is more likely to be said by speaker A,
and large negative values indicate it is more likely to be said by speaker B, while near-zero values indicatres that this
is in some sense a “neutral” word.

Now, we may try to learn w using the logistic loss:

U(w, (z,y)) = log(1 + exp(—y(w, z)))
This loss is 2-smooth, and the gradient is:

—yz exp(—y(w, z))
1+ exp(—y(w, x))

Vi(w, (z,y)) =

From this, if the feature vectors x satisfy ||z|| < 7, we might expect the variance to be bounded by 2, so we should
look for a learning rate of the form

r
o —
ui ﬁ

However, we might be able to do better. Specifically, language has a long tail of rare words. That is, there are so many
different words that any given paragraph is likely to have a few words that do not appear again for a very long time.
As aresult, in our data many of the coordinates of x will only rarely be non-zero. However, some of these coordinates
may be very discriminative. For example, a biologist might use the word “polymerase” occasionally, while a physicist
uses the word “quark” occasionally, and it is extremely rare for either person to use the other person’s word.

Thus, when we see an example x that encodes a paragraph using the word “polymerase”, we would ideally take a
large step of gradient descent in order to quickly learn the fact that “polymerase” is a biologist-indicative word.

We will accomplish this via per-coordinate learning rates. That is, instead of the standard gradient descent update:

Wil = Wi — 0 V(W 2¢)
we will instead update each coordinate using it’s own specific learning rate:
Wi [i] = wili] — me[i] VE(wy, 24)[i]

where we use v[i] to indicate the ith coordinate of a vector v. Thus, 7, is no longer a scalar but in fact a vector of
learning rates. Then, we will try to set 7; in such a way that 7, [¢] is larger for coordinates for which the ith word is
rarer. This way we can quickly adapt to the uncommon words like polymerase by taking a large step when they appear.

However, there is still a problem: how can we know ahead of time which coordinates are going to be rare? The
solution is to just count them. We could set:

1

ne[i] o
where n;[i] is the number of times the ith word has appeared after ¢ iterations.
However, we will be even fancier. Taking inspiration from our adaptive methods, we set:

gt = Vf(Wt,Zt)
c

e[i] =
e el
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Note that

_ _ytexp(_yt<wt7xt>) Xt[i]

g[i] = 1+ exp(—y(we, x¢))

so that roughly speaking, 3.' _, g, [i]? is a count of the number of times x; 4] is non-zero. However, it is a little
better than that - this sum is really more like an estimate of the per-coordinate variance:

o?[i] = E[(V&(we, ) [i] = VL(wy)[i])?

is an estimate of —~, this new

-1
b
VIl lled? oVi

In much the same way that our previous adaptive learning rate 7; o

learning rate is approximately:

mili] ~ U[i]\/%

That is, the vector of learning rates is measuring how much we should “trust” each individual coordinate of the
gradient. This is the famous AdaGrad algorithm J. Duchi, E. Hazan, and Singer |2010| (which was essentially simul-
taneously described by McMahan and Streeter 2010). As this algorithm was first proposed in the convex setting, we
will analyze it there first.

Also, in order to make the algebra look a little cleaner, we will introduce the following notation:

. . . .. b .
Definition 19.1. Given vectors x1,...,x;, we use the notation .., to indicate the sum Et:a . Similarly, we use

x2 ,[i] to indicate the sum Z?:a z7[i] and ||z||?., for the sum Zf:a [l ]2

Using this notation, our learning rates can be re-written as:

c

mlil = ———
62 + g%:t[z]
To start with a good baseline, remember that while doing the previous homework, you proved the following result:

Theorem 19.2 (Adaptive Gradient Descent). Suppose that L is a convex function satisfying ||w|2 < Da. Then with
¢ = /2Dy, the algorithm:

gt = Vf(Wu Zt)
C8t

Wit = Hiwlaso W= o
1:t

satisfies:

T

> leel?

t=1

T
E [Z L(w;) — L(w*)l <2V2D,E

Note that in this theorem, we have emphasized the fact that we are measuring the norm of w, using the standard
Euclidean 2-norm ||wy |2 = \/Zle w,[i]2.
In contrast, we will be able to prove the following result about AdaGrad:

Theorem 19.3 (AdaGrad Convergence). Suppose that L is a convex function satisfying ||Wy||oo < Doo. Then with
c= \/§Doo, the algorithm:

gt = Vi(wy, %)
. ) cgilt
Wit [i] = Mjwijj<p. Weli] — %
gl:t[l]
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satisfies:

E [Z L(wy) — L(w,)

<2V2D E | Y

=1

This algorithm is called AdaGrad (or sometimes diagonal AdaGrad).

Before proving this theorem, let’s take a minute to discuss some of the implications.

Note the differences here: now we are measuring w, using the infinity norm rather than the 2-norm: ||w, || =
max; |w,[i]|. The infinity norm is always smaller than the 2-norm, so at first this seems like a purely good thing.
However, we may pay for this improvement by having

> (10)
i=1
in the bound rather than
(11)
It is possible for (T0) to be bigger than (IT). But how much bigger? Let use Cauchy-Schwarz
T d T
D_eili? <V > ) eili
i=1t=1
T d
=V, > > el
t=1i=1
T
=\ llell?
t=1
So that is at most v/d times bigger than .
On the other hand, consider the case that w, = (+w, tw, ..., +tw) for some constant w. In this case we have:
[Wallo = wVd = ||w]| oV
Thus, when w, = (fw, tw, ..., tw) we would have (assuming the ¢ constants are set to their best values):

Of course, this is a strong restriction on w,, but it does still allow for 2d possible different values so some non-
trivial optimization must happen to learn w.

Finally, let us consider a setting in which some of the coordinate g;[i] are very rare, similar to our original moti-
vating example. This setting is adapted from J. Duchi, E. Hazan, and Singer|2010. Suppose that g; is always a 1-hot
vector (i.e. has one non-zero coordinate) such that the ith coordinate g [i] is -1 with probability proportional to 1/i?
and 0 otherwise. Then we have:

d d
E[Dso Z /82l < Do Z VT

d
=DooVT Y % = O(Do log(d)VT)
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In contrast:

E[D2y/llgl3.7] = D2VT

Thus, so long as D, is significantly less than Ds, the bound will be significantly better using AdaGrad.

In general, it is not obvious apriori which bound is better: the algorithm you use should depend on some empirical
observations/specific knowledge about the data.

Now, let’s try proving Theorem [19.3]

Proof of Theorem Remember that our previous proofs for gradient descent on convex functions made a lot of
use of the inequality:

E[L(we) — L(w.)] < E[(VL(W:), Wi — W] = E[(g, Wi — W)

In fact, as we say in our analysis of acceleration (Notes 8, Theorem 5), this was the only part of the analysis that
actually used the fact that g; was at all related to £: the rest of the analysis was purely algebraic manipulation and
held for any g; and and w,. The key idea behind the analysis of AdaGrad is to break the analysis of (g;, w; — w,)
using the following simple but surprisingly useful observation:

d
(g we —wa) = > ailil(wili] = wa )

This means that we can write:

T T
E lz L(w;) — ﬁ(W*)] < Z El(gt, W — W)
o T d
= Z Z E W*[l])}

=1

d
:ZE th (We[i] — w[i])

i=1 t=1

o~
Il

s

-

So now, it suffices to just bound each sum Zthl g:[i](w[i] — w.[i]) individually. First, using the fact that |w,[¢]| <
D..:

(wesalil = wali)* < (wili] = mlilgili - w.[i)?

= (wili] = wa[i)* ~ 2l (il — w. i) + g ]
il — o) < (il = Wl = (weali] = wali)? | il
g (vl — w. i) < o + 2

summing over ¢ and reordering:

T . . . .
o il w2 (wrali] - wali))?
> eelil(wl] —wili) < T e

+i(wt[z‘}—w*[i])2<2n1[] 2nt1 ) XT;
S277T z}
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Now, we observe that from our sum-to-integration lemma (Lemma T0.2)), we have

S el dx

Zm ige[i]” = /
t= 1 \/ 7=1 8]

Thus, plugging in the definition of ¢ and 7; now shows:

now using the fact that

> glil(weli] — wli]) < 2v2Dw

as desired. O

20

Adam

At this point, we have seen 3 (maybe 4) distinct components of stochastic optimization algorithms based on gradient
descent:

1.

L.5.

Adaptive learning rates: these are Isearning rate schedules that depend on the observed statistics of the gra-
dients. These make the optimizer robust to various unknown parameters, like the variance and sometimes the
smoothness constant.

Related to adaptive learning rates, we had the notion of exponentially weighted moving averages for collecting
the statistics of the gradients. Intuitively, this modifies the adaptive learning rates to “track” the relevant statistics
of the losses over time.

Momentum: we saw two forms of momentum, both of which can be motivated as integrating some physical
equations of motion. The first form of momentum simply does an Euler integration, while the second evaluates
the gradient at an kind of “auxiliary point” in order to improve the integration. We saw that for deterministic
smooth convex losses, appropriate settings for momentum result in accelerated convergence rates.

Per-coordinate updates: we have just seen that by essentially running a independent parallel copy of an adap-
tive algorithm on each coordinate, we can adapt to varying scales of the different coordinates and sometimes
achieve improved guarantees.

The Adam algorithm Kingma and Ba[2014, simple combines all of these ideas together into one big pot:

Note that in this algorithm we use m to refer to the momentum and v to refer to the denominator. Don’t be
confused by this! Previously, we used v (for velocity) to refer to the momentum. We are presenting Adam in this way
now to be consistent with the literature for this algorithm. the v in v is supposed to stand for “variance”.

In addition to incorporating the above ideas, Adam adds one more wrinkle: dividing by 1 — 3%. This is meant
to de-bias some of the estimates. To see why, let us expand out the expression for v;[i]. Since we focus on just one
coordinate, we’ll drop the [i]’s for simpler equations:

vi = Bovi_1 + (1= B2)g;
= B%Vt72 + Ba(1 — 52)9?71 + (1 - 52)93
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Algorithm 13 Adam
Input: Initial Point w1, learning rates 7, momentum parameters (1, 32 (defaults typically 0.9 and 0.999).
Set v = 0.
Set vo[i] = €2
fort=1...T do
Set gt — VK(Wt, Zt)
Setm; = fimy;_;1 + (1 — 1)g;

Set Iilt == %
1
Set vy[i] = Bavi—1 4+ (1 — B2)geli]>.
Set ¥,[i] = L
Set Wiy 1[i] = wyli] — \;ttﬂ
end for

expanding for ¢ steps:
= Bvo+ 85 (1 - Bz)g% +eee ot Ba(l = Ba)gioy + (1= Ba)gy
= B5¢® + (1= fa) Zﬂggt .

Now, let us assume Bie? ~= 0. This is reasonable: 34 already decreases exponentially fast, and €? was already very
small to begin with. Further, let us assume that each g; satisfies E[g7] = g2 for some fixed g*. This is not true - is
only somehow approximately true in the sense that the we have E[g?] = VL(w;)? + o7, and we might expect both

V L(w;) and oy to be a slowly varying function of ¢. However, under this assumption:

Elvi] = (1 - f2) 26592

522
o

=(1 —Bz)
= (1 —ﬂz)g

Therefore, by dividing by 1 — 3, we obtain an “unbiased” estimate of g. Of course, for any reasonably large ¢, 1 — (3%
is nearly 1, so it is unclear how and whether this is actually important in theory (or even in practice for that matter, as
you will see on the homework).

In the case of the momentum parameter m;, dividing by 1 — 3¢ has a similar de-biasing effect. This also motivates
a second way to think about momentum beyond the physical intuition we discussed earlier.

20.1 Momentum as Averaging

The momentum parameter in Adam can be interpreted as artificially increasing the batch size, To see this, let’s follow
the same “unraveling” of the recursive formula for m; as we did for v;:

t—1
my = Bie + (1 B1) > Blgir
7=0

t—1
=(1-B1) Blgir
7=0

Now, writing 1 Bl =146 +6%+...67", we have:

t—1
A~ _ 27':0 Bi—gt—T
me=——%-1 5,
ZT:O 51
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That is, just like v, m; is a weighted average of the gradient values g,. Let us write:
gt = VL(W) + 1

where 7; is some mean-zero random value. Further, let’s assume that wy is varying slowly enough that we can approx-
imate £L(wy ) = L(w) for t < t. Then we have:

t—1 or
e = VL(wy) + 72710_611 o
ZTZO ﬂf
Elriu] = VL(w¢)
What about the variance of 772,? Supposing each g; has variance at most 0 we have E[r?] < o2 and so:
> v BT ElrE.]
—1 ,r
(3570 810
2 (1- 1)1 = ")
(1-p7)(1 = pi)?

Now, before analyzing this, let’s try to gain some quick back-of-the-envelope intuition for what will happen. For large
t, we can hopefully ignore the 3% and ﬁft_l terms, so that we are left with:

(1—p1)? 7021*51
1-p82 7 1+8

Now, by first-order taylor expansion we might expect that this is approximately:

0'2(1 — Bl)

Var(m,) =

0_2

. —_ . 2 .
So that if 5; = %, we would have variance of about %-, which corresponds to what would happen we we had a

batch-size of N. Note that this should seem intuitively reasonable from the initial formula:

me = Bimg—1 + (1 — f1)ge

N-1 1
= Tmt—l + Ngt
If m,_; happened to be the average of N — 1 elements, then this formula would set m, to be the average of those
N — 1 elements and g, a total of N elements.
Let’s try to see this without the taylor approximations. We need to control %ﬁ{;)

(1-81)?
1-B7

. We'll start by looking

at just one part, . Let’s write 81 = 1 — «. Then we have:

(1—51)? a? a
= = o
1—p? 20 —a?2 2—a ~

Further, so long as t > log(1/2)/log(81), we will have 3 < 1/2 so that:
1— 8)2(] — g2t-1
TR S e a=9)

which (up to the factor 4), is the same result we had with the taylor series.

On the surface, this seems really good - we decreased the variance by a large amount! Unfortunately, this decrease
in variance is actually accompanied by a corresponding increase in bias. The issue is with our assumption that w,
is constant. In order to deal with the variation of w; properly, it turns out that m; becomes a biased estimate of the
gradient. This extra bias will almost exactly cancel out the decreased variance so that in the end it is hard to show that
we gain anything. Indeed, no current analysis of Adam or similar algorithms shows any advantage over adagrad in
smooth losses. Nevertheless, in practice these algorithms perform much better, so clearly this is a interesting hole in
our understanding of the properties of the loss functions and how the algorithms work.
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20.2 Convergence failure of Adam

It turns out that the Adam algorithm actually can fail to converge. To get some idea of what could go wrong, notice
that the definition of v; is essentially an average of previous gradients. Therefore, if there is some constant variance so
that previous gradients always have |g;| = 1 for example, regardless of the true value of V.L(w;), then v, will always
be 1. Thus, we can see that it must be important for 7, to decrease or be very small in order to guarantee convergence
(unlikely with adagrad). However, even when 7; decreases like 1/+/%, there can still be a problem, as observed by
Reddi, Kale, and Kumar [2018], in which an example is provided for which Adam makes consistent progress in the
wrong direction.
To see why this might be, consider an extreme case in which S2 = ;1 = 0. This corresponds to the update:

g:i]
e[|

Wip1[i] = Weli] — e

That is, we update update using the sign of the gradient rather than the actual gradient. In a previous homework
problem, you already provided a distribution for g; such that the sign of g;, on average, is different than the sign of
E[g:]. so that the above update will actually make negative progress in expectation.

On the other hand, it might be that with more realistic values for 85 and £, (which are usually very close to 1), it
is possible to show some convergence guarantee. So far as I know, this is still open.
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21 Momentum in Stochastic Optimization

When discussing Adam, we briefly motivated the idea of momentum as related to artificially increasing the batch size
rather than as a method connected to physical simulation. Now, let’s try to make this connection more formal. We will
consider a simple SGD with momentum algorithm:

Algorithm 14 SGD with Momentum
Input: Initial Point w1, learning rate 7, momentum parameters «, time horizon 7":
Sample z;.
Setm; = V@(wl, Zl).
Set Wo = W1 — 1y
fort=2...Tdo
Sample z;.
Setm; = (1 — a)my_1 + aVE(wy, 2¢).
Set w41 = Wy — nmy.
end for

The difficulty in analyzing SGD with momentum is that it is not the case that
Elm;] = VL(wy)

Thus, our standard strategy of writing:

2
ElL(wiin)] < ELL(we)] — nENVLw),mi)] + T ey P

= ElL(we)] — nENIVEwIY + T Ellm )

772HO'2

< E[L(wy)] =n(1 = Hu/2) E[[VL(W) "] + —;

is not valid because E[(VL(w;), m;)] # E[||VL(w;)||?]. Instead, we will need to do something a little more subtle.
In order to facilitate this analysis, we’ll define the quantity:

€t = 1My — Vﬁ(wt)

Then, ¢, is measuring the amount of “error” in the estimate g;. Notice that E[e;] # 0.
Also, let’s define:

T = V@(Wt, Zt) — VE(Wt)

Thus, r; is the error in the ordinary non-momentum gradient estimates, and has E[r;] = 0. We’ll also assume as usual
that E[[|r7]|] < 0.

With this notation, we can produce an analog of our one-step progress lemma for SGD, now incorporating mo-
mentum:

Lemma 21.1. Suppose that L is H-smooth. Then so long as n; < ﬁ,
c — L(wy)] < ~TENVL(w) 7] + 2 2
E[L(Wi+1) = L(we)] < =7 E[IVL(w)[IF] + 7 Elllec|]
Proof. From the standard smoothness lemma:

H
H(wei1) < L(we) + (VL(W), Wit = We) + || Wi — w||®

7 H || ||*

= L(w) —n(VL(wy), my) + 92
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taking expectation of both sides:

E[L(Wei1)] < E[L(w,)] — nE(VL(w:), m,)] + w
W H E(lm:|*)

< E[L(we)] = nE[|VL(W)|1P] = nE[(VL(we), )] + 9

Using Young inequality (z,y) < “gﬂg + )‘”12’”2 with A = 1:

< ElC(w)] — nEIIVEw) ] + D EITL(wn) |+ LEfle?] + LEDReI)

1 HE[|VL(W:) + &]|’]
2

i n
< ElL(w)] - ZEVELw)I2) + 2 Ellle]?] +
Using [la + b2 < 2]al> + 2[b

i HE[2[VL(we)|| + 2]le1?]
2

n n
< Ele(wn)) - 2 E[IVLw) 2] + 2 Elle]?) +
Using n; < ﬁ:

e E[IVLw) + llee]?]
4

< E[L(we)] = T ENIVLw) 2]+ 2 Ellled]?) +

_ Ui 3
= ElL(wn)] - 2 ENVEw)IE] + 2 Ele?)
O

Let’s compare this result to our standard gradient descent result when E[m;] = V.L(w;). This required only
1 < 1/H and achieved:

E[L(Wis1) = L(wi)] < fg ElIVL(w)|?] + 5~ Elllel?]

The dependency on E[||V.£(wy¢)||?] is similar - just the constants have changed. However, the dependency on ||¢||? has
changed quite a bit: the power of 1) has decreased. As a result, this lemma is not sufficient to guarantee convergence
unless € becomes small.

How small does € need to be? Notice that if [|e;]|? > £||V.L(w¢)||?, then Lemma m does not actually imply
that L:(th) < L(w;) anymore. Therefore, we should expect to make progress on the function value only when
llec||* < 3[IVL(wy)||. Further, if our goal is to at least match the performance of regular non-momentum SGD, then

we’d hope to make progress so long as ||VL£(w;)||? > Q(1/v/T). This suggests that we need to get ||¢;||> down to
O(1/VT).

This is the crux of the momentum idea: if we view m; as running average of gradient estimates, it is reasonable to
believe that m; would be a very close estimate of V.£(w;), and so the value of ¢, would indeed be small. Let’s try to
gain some intuition behind how this should happen.

Instead of considering the exponentially weighted moving average, let’s just consider a simple windowed average:

=
=% Z VWi, ze—;)
i=0

What is €; in this setting?

K-1

1
=1 > (VU Wii, z-i) — VL(wy))
=0
K-1 K-1
1 1
= ? (VZ(Wt_i,Zt_z) V,C Wt 1 Z VE Wt 1 Vﬁ(wt))
1=0 =0
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Now, the first term above, - ZZ.K:BI (VU Wy, z—;) — VL(W;_;)), is an average of K mean-zero values, and so will

be on average O(1/v/ K). The next term, on the other hand is a kind of “bias” that is harder to control. To gain some
rough idea of how we could make it small, notice that by smoothness, ||VL(w:—;) — VL(w)| < H||wi—; — Wy
Further, if we expect ||w;_1 — w¢|| = O(n) since the learning rate is 7, we can argue:

1 K—-1
o £ )

K—
Z VL Wt Z VL(Wt))
=0

= O (KnH)
So overall, we have:
1
lleell = O(\/? +nK)
Setting K optimally yields:
leel| = O(*/?)

Now, let’s try to apply Lemma 21.1}

E[L(Wir1) — L(wy)] < O(=nE[|VL(w)|*] +°/?)
- w Ao
;EHVE DII%) < (n—i-Tn )

So, optimizing 7 yields:
T
S ENVL(wIP < 0 (T3/5)
t=1

In contrast, with regular SGD we obtained >°/_| E[||VL(w,)[|?] < O (T*/?), so it seems like things have actually
gotten worse!

The issue here was that our bound ||¢;|| = O(n'/?) was actually a bit loose. If we are more careful, we will be
able to obtain ||¢;|| = O(n'/?) instead. The key observation is that the bound ||w;_; — w¢| = O(n) was also a bit
loose: really, we have ||w;_1 — w;|| = O(nmy_1) = O(n||€:—1]| + 1| VL(W¢—1)]|). Thus, if €, and VL(w) are both
getting smaller, we should expect ||w;_; — wy|| to also be getting smaller, which in turn makes € even smaller. This
positive feedback cycle is what will eventually yield our improved bounds.

Next, we have the following fact about the error in the momentum estimates. This is the Lemma that will inform
our choices for « and 7, and will need to be modified for alternative momentum schemes.

Lemma 21.2. For any o < 1/2, setting n = \/%H guarantees:

8 el = leul®) < — 2L el + LEDIVE(swn) 2] + 3VB R
Proof. Recall our notation:

= Vil(wy,z¢) — VL(WY)
Note that we have the important property:

E[r:] =0

Note however that E[e;] # 0.
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Now, we derive a recursive formula for €;; in terms of ¢;:

€41 =My — VL(Wey1)
=1 —-a)m; + o VEl(Wii1,ze401) — VL(Wig1)
= (1 —a)(my — VL(W11)) + a(VEOWit1, 2t41) — VL(Wiy1))
=1 —a)(m; — VL(wy)) + (1 — a)(VL(Wy) = VL(Wiy1)) + areqn
=1-a)g+ 1 —a)(VL(w) — VL(Wit1)) + arepr
Now, remember that we are actually interested in E[||€;||?], so let us take the norm-squared of both sides in the above,
and use the fact that E[r;] = 0:
Elllec+117) = (1 — a)*Elllec)*] +2(1 — @) El{er, VL(We) = VL(Wer1))] + (1 = @) E[|VL(We) = VL(Wei1)|[]
+a®Eflresa]?]
< (1 a)?Elllecl®] + 2(1 — @)* El{er, VL(W:) = VL(Wer1))] + (1 = @) E[|VL(W:) — VL(Wera)|[]

+ a?o?

Notice that by H-smoothness,

[VL(wi) = VL(Wey1)]| < H[[wi — Wi
< Hyllmy||
< Hn(|[VL(we)|| + [le])

Further, by Young inequality again, for any A\ we have:

2
(e, VL(w) — VL(we)) < S A2 (9w 2 + )

Thus, putting this together with (1 — a)? < 1, we have:
1
EllectalP’) < |(1 = @)* + 3 +20H*n* + 2H*p* | El|e|*] + [2AH*n* + H**| E[|VL(W,) "] + 0’0

Let’s take a step back and see where we are going with this. Notice that (1 — a)? = 1 — 2a + o2, Therefore, by
setting A &~ 1/c, and then setting 7 in some clever way we might be able to guarantee something like (1 — )2 + % +
2\L%*n? + 2L%*n? ~ 1 — a. Discarding many constants, and observing that An? ~ 12/« is bigger 72, this would yield
something like:

Elllec1*] < (1 = a) Elllecl|*] + O(n*/a EIVL(W)IIP] + a*0?)

This suggests that ||e;||* will decrease until it reaches some “equilibrium” value when the above recurrence has
lez+1]] = |let]|- Solving for this, we obtain:

elolll?] < 0 ( 2 VL) + ano?

So in order to keep the 7||¢;||* terms in Lemma from dominating the —n||VL(w)||* terms, we should try to set
n=uo
Let’s see if this is possible. We will try to obtain (1 — «)? + + + 2AH?n* + 2H?n? < 1 — $a. We can expand
2 1

the (1 — a)2 to 1 — 2a + 2. Thus, we have an “extra” f%a term of slack, and three positive terms o~ 5 and

2H?(\+1)n?. We will try to get all three positive terms at most %a to obtain the entire expression is at most 1 — %a.
To accomplish this, we need:

>

Il
=N Qo
SE



The first two equations deal with a? and }. For the final term, notice that A > 1, so that 2H?(\ + 1)n? < 4H?M? =

8H:" Soif wesetn < %, we will have (1 — @)% + + + 2AH?*n? + 2H?’ =1 - La <1 - Lo
Thus overall we have obtained:

Elller1 1% < (1= 5)Ellle?) + [2AH0* + H20?] E[|VL(we) [?) + 070>
«
< (1= ) Ellleel) + 4N 0 [ VL(w) ] + 0”0
a 8H2 2
< (1= el + == ElIVE() ] + o%o?
3 3 GH >’ 3o
% Ellecsall® = llell?] < -7 Ellle]”] + o2 E[IVL(w:)[*] + TUQ

Now, if we set n = \/%H

ﬁ), this simplifies to:

3n 3n n
5o Ellleeall* = lleel*) < =7 Elllesl*] + g ENIVL(wa)I|] + 3v3Hr o
And the Lemma follows by observing 3—2 = g/g O

Theorem 21.3. Algorithmwith n= \/ZL%H and o = min (;, W) guarantees

T
1 ovVHA + o2
— <

TEE|V£th] O(T—i— T )

Proof. The proof works using the so-called potential method. We define the value

@y = L(wy) + £||6t|\2

We will then show that ®; roughly decreases with ¢ at rate that depends on || V.L(w)]|?

E[®i41 — O] = E[L(Wig1) — L(wy) + E;/I;” 1l = \/3||€t||2]

applying Lemmas[21.T]and 21.2}

. Specifically:

IN

3
— T E[IVLw) 2]+ S Ellled]?)
3
— “LEllel?) + L ENIVL(w) ] + 3V3H o

(Notice that the ||e;||? terms will magically cancel in the above: this was the point of including this weird-seeming
iﬁ |le||? in the potential:

— TV L(We) ] + 3v3n%0>

Now sum over t:

E[®r41 — 1] < —

00\3

T
Z IV L(we)||?] + 33T Hn?

rearranging...

T

8
S EIVL(w)|] < EE[% — ®p ] + 24V3TnHo?
t=1
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Now, observe that

3 3
E[®1 — @7 11] = E[L(W1) — L(Wr41) + 8£HH61”2 - 8£HH€T+1||2]
\fa
- 8H

where in the second line we used E[||e1]|?] = E[||r1]|?] < o?. Putting all this together with 7 = T Vields:

T
7 ;:1 E[IVL(w:)|?] < o E[®) — ®ry1] +24V302Hy
- 32V3HA + 1202

- To

+60%a

Now, we would like to balance these terms and set:

~ V/32VBHA 41202
oT

but we also need to satisfy a < 1/2. So, this motivates the setting:

1 V32V3HA + 1202
a = min ,
2 VT

Now, if a # 1/2, we have:

ZT: E[[|[VL(w,)]|? <2\/32\/§HA+12020\/670 oVHA + o2
— - VT VT

ﬂ \

On the other hand, if o = 1/2, this implies

V32V/3HA + 1202
oVT

>1/2

so that:

o? - 32V3HA + 1202
4 = T

so that overall:

+ 302

To

HA + o2
< -
—O( )

XT: SV L] _ G4VBHA 42457

so that adding the two bounds for the two cases yields the desired result.
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22 Distributed/Large-Scale Systems

Today there are many problems for which we are fortunate to have a huge abundance of training data. This in turn has
helped fuel the rise of extremely large models with millions or billions of parameters. This brings a new computational
and systems dimension to designing training algorithms.

1. In order to process the data in a reasonable amount of time, we really need to process it in parallel.

2. In some cases, the model may be so large that even evaluating a single loss £(w, z) is slow, so that we would
like to evaluate this in parallel as well.

These two considerations lead to what are called data parallel and model parallel paradigms for parallel or dis-
tributed machine learning. Model parallelism typically refers to the case in which the computation of ¢(w, z) is
distributed over multiple different computers that communicate over some network rather than the case of speeding up
matrix multiplies in a neural network by using parallel computation on a GPU. Model parallelism is far less common
that data parallelism, so we will spend much more time talking about the latter.

23 Data parallelism

Data parallelism is essentially a fancy name for minibatching. At the most basic, we simply want to calculate a large
minibatch gradient:

1
gt =

o]

B
Z Vé(wt, Zt,,')
i=1

and then take a gradient descent step:

Wit1 = Wy — 18

The issue is that B is extremely large so we would like to compute g in parallel. The standard algorithm for this is
the following:

Algorithm 15 Parallel Minibatch SGD

fort=1...T do

fori=0...M —1do _
(Asynchronously) ask processor ¢ to compute g; ; = ZEZQQ%{IM*I V(Wi zt.5).

end for
Wait for all processors to finish their tasks.
Setg: = % Eil\io 8t,i-
Wil = Wy — 1)8¢.

end for

In an ideal world, each iteration of this algorithm would take O(B/M) time, as each processor takes O(B/M)
time to compute its individual sum. In reality, however, things are somewhat more complicated. One issue is the step
“wait for all processors to finish their tasks”. This synchronization step can significantly slow down the computation
in practice. Further, just launching the different jobs on the different processors can carry some significant overhead
in terms of setting up or scheduling tasks on a thread. As a result, typically there is a limit beyond which making M
bigger will actually result in slower computation.

In order to mitigate this problem Niu et al.|[2011]introduced a simple idea, which they call Hogwild!: what if you
just don’t wait for all the processors to finish. That is, each processor performs the following procedure:

In this algorithm, we’ve carefully written out the update w1 = w,; — ng; into the individual operations over the
coordinates in order to make clearer what can happen. Specifially, if i; and i, are two different threads, and w € R2,
it is possible for the following order of operations to take place:

1. 41 performs update w[0] = w[0] — ng: i, [0].
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Algorithm 16 Hogwild! SGD worker algorithm
1 is the worker id.
w is stored in a shared memory location across all workers.
fort=1...Tdo
Sample z; ;.
Compute g ; = VI(w, z;).
forj=0...d—1do
wlj] = w(j] — ngeilj]-
end for
end for

2. iy computes gradient g; ;, = VE(W, 2¢i, ).
3. io finishes its gradient descent update with w[1] = w[l] — ng 4, .

In this setting, the gradient g; ;, is computed at a partially udpated w, so it is really the gradient at the wrong point!
This is what the “wait for all processors to finish their tasks” was supposed to prevent. The basic idea of Hogwild!
is to just totally ignore this issue and hope that it does not cause any significant problems. This style of updating is
called lock-free because we are not “locking” the gradient update in order to let one worker completely finish before
allowing another worker to operate on the gradient.

That said, we can show that under some reasonable assumptions, this lock-free update actually isn’t so bad. Instead
of actual Hogwild!, we’ll analyze the following easier-to-analyze algorithm:

Algorithm 17 Simpler Hogwild! SGD worker algorithm
7 is the worker id.
w is stored in a shared memory location across all workers.
fort=1...Tdo
Sample z; ;.
Compute g; ; = VL(W, z¢ ;).
Choose an index j; ; uniformly at random from O, ...,d — 1:
wljei] = Wljeil — dnge.ilje.il-
end for

We also need the following terminologies:

e Define w, to be the value of w after ¢ different updates have been performed, regardless of which worker
performs the update (if updates occur at the same time, break ties arbitrarily). Note that this index ¢ is different
from the worker’s internal index .

* Define k(1) to be the index such that the ¢th update to w uses a gradient evaluated at Wy ).
* Define p(t) to be the thread index from 0 to M — 1 such that w;; generated by thread p(t).

* Define j(t) to be the coordinate that was updated to produce wi 1.

The definition of k(¢) implicitly assumes that the computation of V{(w, z; ;) really does take place at a single value
of wy. That is, if w is updated in the middle of computing V{(w, z; ;), this should either not effect the computation,
or result in the gradient being the gradient at the updated value. An example of a loss ¢ that would have such a property
is if / depends on w only through some inner-product, as in a linear regression problem:

£(W7 Zt,i) = f((xt,iv X>7 Yt,i)

for some function f. In this case, when we compute the inner product (x; ;, x), we look at each coordinate of w only
once. This issues is basically the only reason we are making the “random coordinate” modification to the optimizer,
as it makes the analysis much simpler.
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Note that in this section we are completely ignoring the issues of data races, which could potentially be a serious
problem. To mitigate this, all of the operations on the coordinates of w need to be carefully wrapped in atomic
primitives.

Theorem 23.1. Suppose that { is H-smooth and that ||V {(w, z)|| < G for all w and z. Suppose further t — k(t) <
for all t for some T and define A = L(w1) — L(w,). Then:

T
A 2dGHr + HG?
> EllL(w)l’] T

t=1 g 2
In particular, with n = \/%) we have:
i L (w \/A dGHT + HG?/2)

VT

Note that this scales in a reasonable way with 7: 7 is measuring the degree to which not synchronizing the workers
results in a different operation than doing the correct synchronization. Thus, it makes sense that the performance
degrades as 7 increases. Further, if 7 = O(T'), then we should expect essentially no guarantee, which is exactly what
the result shows.

Proof. Since L is H-smooth and ||V{(w, z)||c < G, we have that after for any ¢, t':

Iwi = wol| < ndGlt — ¢
IVL(we) — VL(we)|| < ndGHIt — /|

Further, we have:

wip1[J ()] = we[§(t)] — ndVEWiys 2r(e),p(e)) 1 ()]

Therefore:

Wil — Wy = —ndVU Wiy, 2, pe) [ ()]
= —n(dVUWL)s 2i),p0) ()] = VL(Wr@))) +1(VL(We) = VL(Wi@))) — nVL(W,)

Now, notice that E[dv£<wt;zk(t),p(t))[j(t>] — Vﬁ(wt)] = (0 and va(wt,zk(t),p(tﬂ — v£<wk(t)7zk(t),p(t)>|| <
ndGH|t — k(t)] < ndGHT. Therefore:

H
L(wip1) < L(wy) +(VL(We), Wiy — We) + §||Wt+1 —w|?

Hn?G?

E[L(Wer1)] < E[L(we)] = nE[IL(w)[IP] + n*dGHT +

A T2dGH T+ HG?
n 2
We can make a similar analysis for convex losses:

Theorem 23.2. Suppose L is convex and { is G-Lipschitz. Also suppose that t — k(t) < 7 for all t and w; = 0.
Suppose also that w, = argmin L satisfies |W,||c < R Consider the modified version of Algorithm|l7|that makes
the update:

wjti) = g r Wit — dngt,ilje.q]]
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Then:

T

1 2 212

= Z E[L(wi) — L(wy)] < — dR + nd G + 2Rd**GHnr
t=1

T - 2nT 2
: _ R .
So, setting n = JT a0+ Rvaci) we obtain:
T
1 Rdv/dG? + RVAGHT
— — <
T 2 ElL(w) — £w)] O ( N )

Proof. Again, since £ is H-smooth and ¢ is G-Lipschitz,

|wi —wy || < ndGlt —t|
IVL(wy) — VL(wy)|| < ndGHIt —t]

Further, notice that |w; — w,||coc < 2R for all t. Next

T
> ElL( (w,)] <

t=1

[M]=

E(VL(W), wi — w,)]

~+~
Il
-

M=

E[<v£(wk(t))7wt —w)] + (VL(wy) — V‘C(Wk(t))awt - Wy)]

t=1
T T d—1

< S EUVL(Wi() Wi — W) + 2R DY (VL(wy) — VL(wir)))[i]]
t=1 t=1 =0

E[<v£(wk(t))7 Wi — W*>] + 2Rd3/2GH’I77'T

M=

Il
T

M=

Qo+
|

E[VL(Wry)[i](We[i] — w.[i])] + 2Rd**GHnyrT

~
Il
=]

t=1

So, we now need to understand ZtT:l E[VL(W(t))i(We,s — Wy ;)]. For this, the analysis looks similar to the convex
SGD argument for per-coordinate learning rates. First, define s; to be a vector that is all zeros except for:

seli(1)] = AV Wit 2k (1) p()) 17 (F)]
Notice that since j is sampled uniformly at random, we have:
Else] = VL( W)
Els:[d]’] < dG*
Else[i](weli] — wi[i])] = EIVL(Wy()) i) (we[i] — wli])]

IN

Further, we have:

wiy1[i] = H_ g, rywe[i] — ns¢[d]
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So now we proceed:

(Wea[i] = wa[i]) = (wili] = nse[i] — w.li])
= (Weli] = w.[i])? — 2nse[i) (Weli] — w[i]) + n?se[i]
Wolil?  n~_
Zst wili) < =5+ 5 D s
T 2 2
> islltwel]) —wo) < g + g
& w, [i]? a
S EIVL(wi) il (wili] — waliD)] < T2 £ T3 s f?
2n 2
T 2 2
S el i) < g+
Putting this all together, we have
E[D Lw)—L(w,)| < ‘?: + %QGQ + 2Rd*?GHyrT
t=1

23.1 Parameter Server architecture

The Hogwild! paradigm is designed for a single computer running multiple threads in parallel using a shared memory.
However, this is unlikely to scale to a huge number of threads - typically even a very high-quality computer may only
have around O(100) cores. To go further, we need to network together multiple computers. In principle, this allows
us to increase the parallelism arbitrarily highly, but there is a significant hurdle: now the different machines must
communicate over a network rather than simply using a shared RAM. As a result, the communication overhead can
quickly become extremely onerous. This leads to significant new implementation challenges. The standard method
to deal with this is the parameter server architecture. Please see the following excellent source (which is co-written
by some of the original proposers of the parameter server) for details on how this would work https://d21.ai/
chapter_computational-performance/parameterserver.html
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24 Regularization and Optimization

One of the most common strategies in building machine learning systems is regularization. For example, it is typical
to encourage model parameter w to be small by augmenting the loss with a penalty for large w as in the following:

A
£(w)+ 5w

where the A value is sometimes called the weight-decay parameter, or the 12-regularization constant. Typically, this is
justified in machine learning courses by claiming that small w values are in some sense “simpler” and so avoid over-
fitting. Making this idea concrete is deceptively difficult, involving a foray into statistical learning theory. However,
it turns out that we can also justify regularization from an optimization point of view: adding regularization makes
the function easier to optimize. This type of justification is in many ways simpler than the statistical learning theory
viewpoint - the standard SLT approach would not really suggest why one should use a penalty proportional to ||w||?
rather than, say ||w| or ||w]||* or \/||[w]|], all of which still encourage w to be small and so therefore “simpler”.

Let’s try to get some intuition behind why adding ||w||? to the objective might make it easier to optimize. First, let
us define

w, = argmin £(w)

A
w) = argmin £(w) + §||w||2

Intuitively, we might expect that ||w?|| < ||w,|. This is indeed the case:

Lemma 24.1. Suppose \; > Ay. Then |w)t|| < [[w)2]|.

Proof.
£lw2) + w7 < £w) + 3 w2
< £w)) + w2+ 22 e P
< £(wh) + w2+ 22 e P
e el
now divide by % > 0 to conclude the result. O

Further, we have the following:

Lemma 24.2. Suppose that L is G-Lipschitz and differentiable. Then

G
A < .
w2l < 5

Proof. Since L is differentiable, so is £(w) + 3||w]||2, and the derivative at w7 should be zero. Thus:
VL(W}) +Aw) =0
A VLW
fwi) = VA

<

> Q

O

This Lemma tells us that as \ increases, there is ball of radius G/ for which we can certify that the solution lies
in the ball. Therefore in some sense the “search space” is decreasing as ) increases, thus making the task of finding
w) easier.

However, this is far from a rigorous proof. To make things rigorous, we will introduce the notion of strong
COnVE)Clty.
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Definition 24.3. A twice-differentiable function L is p-strongly convex if V?L(x) = ul (recall that A = B if
vT Av > ’UTBUfOV allv).

Strong convexity can also be characterized by the following:

Lemma 24.4. A twice differentiable convex function L is p-strongly convex if and only if for all x and y,
1
L(y) > L(z) + (VL(x),y —2) + Sy — =]

Proof. First, suppose that £ is strongly-convex. Then we proceed in a manner very analogous to the smoothness
lemma. Apply the fundamental theorem of calculus twice to obtain:

Liy) = L(x)+ / (VL + tly — o)), (y — 2)) dt
1 1
= L(z)+ (VL(z),(y —x)) + /0 /0 t(y — z)TVQE(:E + kt(y — x))(y — x)) dk dt

> L(2) + (VL&) (y — 2)) + pllz — g2 / / ¢k dt

pllz — yl®

= L(x) + (VL) (y —2)) + =

For the other direction, suppose L(y) > L(z) + (VL(z),y — ) + &|ly — || for all 2 and y. Then consider the
function f(t) = L(z + t6) for some arbitrary = and vector §. We have:

f'(t) = (VL(z +15),0)

() =8"V2L(x 4 16)0
Further, the condition L(y) > L(z) + (VL(z),y — ) + 4|y — «||* applied to both the pair z, z + 6 and = + ¢4,z
implies:

F(h) = £(0) + £(0)h + S0

(h) = £ (h+ £ 1))

Now, be definition of derivative:

§TV2L(2)6 = f"(0)
_ i L) = F1(0)

h—0 h
> 6]

O

This lemma provides a kind of opposite to the standard smoothness lemma: now the inequality is in the other
direction. This will enable faster convergence by having the gradient norm be an upper bound for the suptimality
L(w) — L(w),. Specifically, we have the following result:

Lemma 24.5. Suppose that L is p-strongly convex. Then for all w,

_ VL) P

£w) — £lw) < S

107



Proof. By Lemma[24.4] we have:
L(w,) > L(W) + (VL(W), W, — W) + gllw* ~ wlf?
> inf £(w) + (VL(w), 8) + 6]

IIVLw)I
2p
rearranging proves the result O

= L(w) -

1

Thus, using our standard smoothness result we have the gradient descent with learning rate = 7 on an H-smooth

loss satisfies:

VL(wy)|?
L(Wis1) < L(w,) — %
Plugging in the result of Lemma [24.5] yields:
Iv£w)l

L(wig1) = £(w,) < Lwe) = L(w,) = =0

< Llwr) = L(w) = 5 (Lwr) = L(w.))

< (1= ) (L(we) — L(w.))

unrolling this for ¢ iterations:

< (1-4) etw) - £w)
— exp(tlog (1 - %) (L(w1) — L(w,))
< exp (—15t) (£(w) = L(w.))

Thus, we have shown:

Theorem 24.6. Suppose L is p-strongly convex and H-smooth. Then gradient descent with learning rate n = %
guarantees:

Lwisr) = £(w.) < exp (—4t) (£(w1) = L(w.))

This is somewhat remarkable: the error is decreasing exponentially fast! All of our previous rates have only had
a polynomial dependence on ¢, so this is truly much much faster than was previously possible. Of course, there is a
catch: the exponent depends on the ratio 4. The inverse of this ratio (//y) is often called the condition number of
the problem, and in practice on machine learning problems it can be very very large. In fact, on a dataset of size N it is
not unusual to have p o ﬁ, so that the condition number is also oc v/N. This is so large that in fact the exponential
rate may look only polynomial!

Strong convexity and Regularization
The study of strongly-convex functions is linked to regularization via the following important result:
Lemma 24.7. Suppose that L is a convex function. Then L(w) + 5||w/||? is A-strongly convex.

Proof. Let F(w) = L(w)+3||w||%. Then V2F(w) = V2L(w)+Al. Thus forallv,v " VZF(w)v = v VZL(w)v+
Al[v||? > M|Jv||?, where the final inequality follows since £ is convex. O

This means that we can force a convex loss to be strongly-convex by adding regularization. However, there is an
inherent tradeoff in doing so: by adding regularization, we bias the objective away from the true optimum. Thus, we
want to add as little regularization as possible while still allowing for fast optimization. This is what results in very
large condition numbers - the condition number will be %, and we want to make A as small as is feasible.
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Strong-convexity and distance from optimum
Strong convexity also implies another important property:

Lemma 24.8. Suppose L is u-strongly convex. Then for all w:
L(w) — Lw.) > Gllw—w.
Proof. From Lemma|24.4
L(w) > Lw.) + (VL(w.),w = w.) + Zlw —w, |

Now note that VL(w,) = 0 and rearrange to see the result. O

This is a very powerful statement: it allows us show not only convergence in objective value £(w) — L(w, ), but
also convergence in parameter value w — wi.

How much regularization should we add?

Adding regularization makes the objective strongly convex, which makes the optimization process faster, but it also
makes our solutions subtly incorrect. Thus there is a natural question of what the “right” amount of regularization is
that would optimally tradeoff between having an accurate solution and obtaining the solution quickly.

In particular, we can ask the following question: Given that we are allowed to perform 7" gradient computations,
how much regularization should we add to obtain the smallest possible error?

To address this question, we need to analyze two different sources of error: error from the optimization algorithm,
and error from adding regularization. Specifically, we have:

A A A A
Lw) + Slwell* = (L0wa) + SlIwel?) < Llwe) + Slwll* = (£(w2) + F w2 ]?)
A

A A A
L(wi) = L(w,) < L(wi) + Swill? = (L(w2) + ZIw2 ) + S Iwal? = 5wl

A A A
< L(we) + Gllwel* = (L(w2) + ZIW2?) + S Iwal®

where the first inequality holds since w} = argmin £(w) + 3|w||?. Now, let us suppose we start at w; = 0 and use

gradient descent on the loss £(w) + 3 [|w||2. Then we have:

A A A
Lwi) + Sllwall* = (L(w2) + SlIw2[?) < Lwi) = L(w2) = Z w2
< L(wr) = L(wy)
Further, observe that £(w) + 3||w,||? is A + H-smooth if £ is H smooth. To see this last fact, define F(w) =

L(w) + 5||w,||>. Then we have V2F(w) = V2L(w) + I, and since V2L(w) =< HI since £ is H-smooth, this
implies V2F(w) < (H + \)I. We also have that F is A-strongly convex. Therefore by Theoremm

Fw) = () < exp (25t ) (Flwn) = Flwd)

t) (Clwr) — £(w,)

A A
£lwn) + 5wl (0(wrd) + 5IwAIP) < o (- 5

Putting this all together:

A
H+

£lw) = £0w) < exp (= 25 ) (6w) = £w) + §lw P
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Now, notice that:

H
L(w1) < L(w.) + (TL(W) w1 = w.) + o [wi = w2

H
< L(wo) + 5w

where we have used VL (w,) = 0 and w; = 0. Thus our bound becomes:

L(wy) — L(w,) < w (Hexp (_Hi At) + A)

Now to balance the two terms here exactly is somewhat complicated, but we can essentially just guess. To start, notice
that A > H is unlikely to be the right answer: in this case just the A term would already be so big that we would be
not convergence. So, let us restrict attention to A < H. In this case, we have

A t] < Lt
FPA\THNY) =P\ o

Next, let us set ¢ = exp(At/2H) so that A = 22 log(c). Then we have:

At H
H exp (—) < =

2H c

Thus, if we consider log(c) to be an unimportant log factor, when setting % = ) to balance terms, we would get
¢ =1t/2. So, if t is large enough that 22 log(t/2) < H, we can set A = 2 log(¢/2) to obtain:

ctw -t < 0 (1o (-2 1)
I <2H . 2H10g(t/2)>

-2 t t

o (ML)

t

This is almost the same rate we obtained with ordinary gradient descent, but now there is an extra log factor.

So, what was the point of that? It seems that we actually didn’t gain anything from adding the regularization. It’s
actually not so clear: remember that all of our results so far have been upper bounds, so it might easily hold that a
small amount of regularization (smaller than suggested by this theory), would actually result in a much better output
than suggested here. In particular, it might be that £ is in some sense “almost” already strongly convex except at a few
locations w. By adding a small amount of regularization, we may encourage gradient descent to somehow quickly
bypass those locations and result in an overall faster convergence rate. However, it is very difficult to predict when this
will occur in practice, so typically the optimal value for A is tuned manually.
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25 Stochastic Strongly-Convex Optimization

Previously we considered smooth and strongly-convex losses and showed that deterministic gradient descent is able to
achieve a convergence rate of:

Llwria) = £(w.) < exp (= 2T (L(wr) = £(w.)

Let’s now consider the stochastic case in which we cannot trust our gradient evaluations to be completely accurate.
Recall that previously we showed that SGD on ordinary convex functions achieves:

ol

Now, we will show that if £ is known to be p-strongly convex, then SGD can instead obtain:

ET:E(Wt) - E(w*)] <0 (loig)>

Thus, even in the stochastic case, we see a significant improvement stemming from strong-convexity. However,
note that the improvement is quite a bit less dramatic than in the case of deterministic losses. The analysis is remarkably
similar to the analysis for ordinary convex losses:

T

Z L(wy) — L(wy)

t=1

1E
T

1E
T

Theorem 25.1. Suppose that L(w) = E[{(w, z)] is a p-strongly convex function satisfying |w.|| < D for some
known D, and E[||V4(w, 2)||?] < G? for all |w|| < D. Consider projected stochastic gradient descent with learning

rate n; = ﬁ

Wil = H [Wt - Utvg(wtazt)]
lwl <D

This algorithm satisfies:

1 G*(log(T) + 1)

T
t:zl EL(we) = Llw.)] < ==

N

Proof. The proof begins in exactly the same way as for previous convex analysis. Since ||w.,| < D, by properties of
the projection we have:

W1 — W*H2 < lwe — 0 VU(wy, 2) — W*HQ
= |lwy — Wi ||? = 20(VU(Wy, 2), Wi — W) + 07 [ VE(wy, 2¢) |2
[we —w.? Wi —wo? n ne|VO(wy, 2|2

I —w,) < —
(VE( Wi, 2t), W — Wy) < o0 o 5

Now, previously we simply argued that by convexity, E[L(w;) — L(w.)] < E[{(V(Wy,2), W, — W,)]. However,
now we will instead leverage strong convexity. Recall that an equivalent characterization of strong convexity is the
condition:

L(@) > Ly) + (VL) e —y) + Sz =yl
From this, we can conclude:
Llwi) = L(w.) < (VL(w), we = w.) = lwe = w.

E[L(wWe) — L(w.,)] <E [(Vi(wy, 2), w, —w,) — gnwt — w2
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Plugging this into our previous equation yields:

[we —will? Wi = will® | ml[ VO, 20|12
A4 — < -
(Ve Wy, 2t), Wi — Wy) < o o + 5
7 2 Nwe = will? Wi = wll® | el VAW, 20) |12
L(w;) — L Biw, — } < -
E [£0we) = £w) + Glwe = wi?] < | T T
<E [lwe = wil? [lwigs — wy]? n nG*
L 2m 2n¢ 2
we —wol? Wi = wol® pllwe — w0 G?
L - L < - -
ElL(we) — £(w.)] < E [T 5 ; ;
Now, it is time to invoke our particular magical choice for 7; =
ut
[Nwe = will? Wi —wall® - pllwe — wi|® - mG?
L — L(w,)] < — —
vl plwen =Pl —w? 6P
i 2t 2t 2 2ut
[ Dl =W tulwi —w? | G?
i 2 2 2ut

now, sum over ¢ and telescope:

T
> ElL L(w,)]

t—1 Y t 2 G?
< ZE [( )MH‘;Vt w || M||Wt+12 W || + 215}
t=1 t=1 K
T
_ TM||WT+1 W*HQ G?
- g 2pt
T
G2
< -
<E|Y 2t
t=1
< G*(log(T) + 1)
< —Qu

O

There is one quite subtle point in the above argument: although we assumed ||w,| < D, it doesn’t seem that it
was used anywhere in the analysis! This is because the assumption E[||V/(w, 2)||?] < G? actually requires some kind
of restriction on w. To see why, recall the following fact about strongly convex functions:

Lemma 24.5. Suppose that L is u-strongly convex. Then for all w,

_ VL))
<2

This result implies that it is actually impossible to have E[||V{(w, 2)|?] < G? for any fixed constant G unless we
also guarantee that |w — w,|| is bounded. Since it’s always possible for the noise in the stochastic gradients to push
w; very far away from w,, we needed to assume ||w,|| < D and use projections to keep the distance bounded, which
in turn allows for the bounded gradient assumption to hold.

Note that this result does not rely on smoothness. In fact, as you saw on the homework, adding a smoothness
assumption enables us to remove the bounded gradient assumption, at the cost of an extra % factor in the error.
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25.1 Removing the Logarithmic Factor

The above analysis obtains an O(log(7")/uT) rate. It turns out that the optimal rate is actually O(1T"). It can be ob-
tained via a clever trick: instead of measuring Zthl L(wy)— L(w,), we will measure Zthl t(L(wy) — L(w,)). This
“upweighting” scheme is a common technique for removing logarithms that arise due to sums of the form ZtT:l 1/t.

Let us for a moment not commit to a value for 7;: instead we write w11 = w; — 1 V/(Wy, z;) and choose 7); at
the end. We have:

Wiy — W*”2 < lwe — 0 VAW, ) — W*HQ
= [lwi = wil[? = 20 (VU Wy, 20), Wi — W) + 07 [|VE(We, 20) |12

tlwe = will?  tllwerr — wil? || V(W z) |2
e, ) w0 — wy) < A= Well? Hlwer =W ® o[ V(w20

2m¢ 21, 2
3 - t t— tne ||V E(we, z) ||
t Vz 9 ) - < - = * 2 %
tX:; v 2w =) _Z;(?m 21— )HWt vl +Z 2
T - ti 2 T t t—1 tu ) IV £ (wy, z) ||
Zt Wt;Zt Wi — wQ—;Hth*H _Z ﬂ—m—? HWt_W*H +Zf
t—1 pt 2
So, now we set 7; such that 27, - 22,:7711 — Y = 0. One can check that this is satisfied by 7, = ﬁ Thus, we
obtain:
- tne|[VE(we, z¢) ||
Zt<ve(wtvzt)awt - W*> - ||W W, H2 < Z UL Y EAWE “1) 11
2
=1 t=1
2
e 3 _t
I t+1
G?T
<
1

Now, notice that Zz ([ t= w

E[L(w;) — L(w,)] is at most u(T—H)
All together, we have proved:

= O(T"?), so that the weighted average of E[(V{(wy, z;), Wi —w.,)— & ||w,w,[|?] >

Theorem 25.2. Suppose that L(w) = E[l(w, z)] is a p-strongly convex function satisfying ||w.| < D for some
known D, and E[||V4(w, 2)||?] < G? for all ||w|| < D. Consider projected stochastic gradient descent with learning

2 .
rate 1y = m

Wi = H [wy — e Ve(wy, 2¢)]

Iwl<D

This algorithm satisfies:

22
zt K Lwal = T

In particular, Jensen inequality tells us that for w = ﬁ Zthl Wi,
t=1

2G?

E[ﬁ(‘x’) - »C(W*)] < m
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26 Almost Convexity

In this section, we provide a concrete example of how adding regularization can produce new guarantees that have not
already obtained via other means.

So far, we have considered losses that are H-smooth and non-convex, losses that are convex and H-smooth, and
losses that are p=strongly convex and H-smooth. When written in terms of bounds on the Hessian, these conditions
correspond to:

e H-smoothness: —HI < V2L(w) < HI.
* Convexity: 0 < V2L(w).
e p-strong convexity: ul < V2L(w).

It seems that something is missing from this categorization of the Hessian: what if V2£(w) is bounded from below
by some negative number between —H and 0? This condition has a few different names in the literature, but we will
call it y-almost convexity:

Definition 26.1. A twice-differentiable function L is y-almost convex if for all w:
—yI = V2L(w)

Thus, all H-smooth functions are automatically H-almost convex, and all convex functions are 0-almost convex.
The natural question now is whether we can take advantage of y-almost convexity to obtain improved bounds.

On the homework, you will design an accelerated algorithm for H-smooth and p-strongly convex objectives such
that after T iterations, such that the algorithm outputs a point w with:

L(W) — L(w,) < exp <—O\/ET> M

where C is an absolute constant.
From this, we have the following result:

2 2
log( 21y

B

Theorem 26.2. Run the accelerated gradient descent for strongly-convex functions for N = iterations

starting at the origin. Then the output W satisfies:

IVL(w)[| < e
Proof. Recall that smooth functions satisfy: ||V.L(w)||*> < 2H(L(w) — £(w,)). Thus we have
IVLW)|? < 2H (L(w) — L(w.))

< op o 1 log(M) HHW*”2
< exp I c % 5

:62

O

How can we use this fact to optimize a y-almost convex function? The key idea is regularization. For any given
point w,, consider the function F;(8) = L(w¢ + ) 4 ||6]|?. Note that so long as L is -almost-convex, the hessian
of this function satisfies V2F;(6) = V2L(w; + &) + 2vI = ~I, so that F} is y-strongly convex and H + 2y < 3H
smooth. Let us further assume that £(w) is G-Lipschitz. Then if d, = argmin F;(9), we have ||0,| < % because

0= VF,(8,) = VL(3,) + 276, 50 6, = —V2%),

2y
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Therefore, by Theorem

9H?2
4—y €2

we obtain a point 4 such that:
m

26.2) after N = Los
c

2
- €
Fi(6) — Fi(6y) < —
1)~ o) < o
IVE(S)] <€
Our overall algorithm will be take the following idea: given any iterate w;, we will form the function F; and
optimize it using accelerated gradient descent to get some ;. Then we set wy; = w; + J; and repeat the process

Why should this be a good idea? From the definition, we have that that F}(5;) > £(w,1), and we might expect to be
able to optimize F; quickly because F; is y-strongly convex. Formally, if d; , = argmin F}(¢), we have the following

L(wy) = L(Wyy1) = L(Wy) — L(wy + &) - 7||5t||2 + 7||5tH2
= F,(0) — Fy(8¢) + 71012
> Ft(&e o) = Fu(0e) + 7116
W* +ZFt 5t - F 5:&* >’YZH52€H2
t=1
L(w1) — L(w, + — > ’YZ 10¢ 12

Now, we also have:

€ > |[VF,(3,)]
= | VL(Wi1) + 270¢|
e+ 29]|0:]l > IV L (Wi
26 + 892 (|0,1” > IV L(Wi11)|)?
< ol > VER

8y
Therefore, we have:

VL)

] =

Te?  Te?
< L(wy) — Llw,) + L€ T
=1 8y < £lw) = Llw) + 6H 4y
- Trye?
Z [VL(wep1)]]? < 8y(L(wr) — L(w,)) + 3;1 + 2T €2
t=1
T
1 o _ Y(L(wyi) — L(w,)) | 4ye )
- <
T ; [VL(Wep1)]]” < T Vi + 2¢
V(L(ws) = L(w.)) o
T
Therefore, if we set € = W(E(Wl)T*L(W*)) . we have
3 59(L(wr) — £(w.))
T Z [VL(Wii1)|? < ! ol
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However, the total number of iterations here is M = NT, so:

ﬂ \
/\

T
; |V£ Wt+1 =~ M/N

_ N(Llw) = L(w.)) 108 Grztn 1wy
- M Cy\/ 55

_0 <\/7Hlog(HGM/7)>

N M

There is a bit of a subtlety here: what happens if we send v — 0 (i.e. if the function really is convex)? Since
lim, o \/7log(1/y) = 0, this seems to suggest that the algorithm converges infinitely fast! The resolution to this
issue is to notice that we have implicitly assumed 7" > 1 so that M > N. This implies that M > 0(1 / \ﬁ) so that in
fact we cannot use v < 1/M 2, Now, if we set v=1/M 2 then the convergence rate becomes also 1/M 2 which is in
fact consistent with our accelerated gradient descent results.
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27 Variance Reduction for Convex Losses

For most of this course we have considered fairly generic stochastic optimization problems. Now, we will consider a
particular kind of problem that is of great interest in machine learning: the so-called finite-sum objectives:

|
L(w) = i ZE(W,zi)

For example, the training loss for most standard machine learning problems takes this form, where z;,..., 2n
represent the training set and ¢(w, z) is the loss on a training example. Let’s consider the case that £ is convex and H-
smooth. Without invoking complicated procedures like acceleration, there are roughly two ways one might consider
to apply gradient descent in this setting:

1. Use full gradient descent: that is, compute a gradient V.L(w;) and take a gradient descent step wy11 = Wy —
nVL(wy) for n = 2. This guarantees:

L(wr) = L(w,) <O(1/T)

2. Use stochastic gradient descent: sample a training point z; at random and take a step w1 = w; —nVE( Wy, 2¢).
Since E[V{(wy, z:)] = VL(wy), by setting n = O(1/+/T), we can guarantee:

T
S EIL(w) — £lw.) < O(1L/VT)
t=1

As previously discussed, although the dependence on 7' is worse for the SGD approach, the total computation
scales much better with N: every single iterate of the full gradient approach requires O(N) computation, but every
iterate of the SGD approach requires O(1) computation. So in terms of total compute C, we are comparing O(N/C')
to O(1/ \/(C)) As long as N2 > C, we would prefer the stochastic approach. Even if we allow for accelerated
gradient descent, it turns out that regular SGD is still better for sufficiently large N.

Now, the natural question is: can we improve at all on stochastic gradient descent? Surprisingly, by leveraging the
finite-sum structure of the problem, the answer is yes! The key idea is to create a better gradient estimator than simply
sampling one element at random. The method we discuss here has been found in various forms at around the same
time, but arguable the simplest presentation is Johnson and Zhang|2013|. Other essentially concurrent methods include
Roux, Schmidt, and Bach 2012}, Shalev-Shwartz and Zhang 2013|

We will create a better gradient estimate by occasionally computing a full gradient. Intuitively, if we compute one
single full-gradient IV iterations, we will still on average use only O(1) computation per iteration. By some clever
trickery, we will be able to leverage this perfectly-accurate gradient to improve subsequent gradients.

Let’s suppose that we know the true gradient V.£(v) at some point v which we will call the checkpoint value. We
wish now to compute an estimate of the gradient at a nearby point w. To form the estimate, we randomly sample some
z, and compute:

g=Vil(w,z) = Vl(vz) + VL(V)
The first important property of this estimate is that it is unbiased:
Elg] = E[Vl(w, 2) = Vi(vz) + VL(v)]
=VL(w) —VL(V)+ VL(v)
=VL(w)

However, we can hope that the variance of g is rather small. Why might this be? Notice that the only random part of
g is the difference V{(w, z) — V/{(v, z). Now, the function ¢ is a smooth function of w for all z, then we have:

IVl(w,z) = Vi(v,2)| < Hl|w — v|

so that if w = v, the randomness in g is necessarily quite small. Note however that we have subtly changed assump-
tions here: assuming that ¢ is smooth is a stronger assumption than assuming that L is smooth.

In fact, by leveraging convexity, we can provide a somewhat more subtle bound on the variance of g. To this end,
we have the following Lemma:
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Lemma 27.1. Suppose {(w, z) is an H-smooth convex function of w for all z. Then:
ElIVUw, 2) = Vv, 2) + VLE)|?] < 8H(L(wW) — L(w,)) +4H (L(v) — L(W..))
Proof. Recall from previous lectures the fact that for all , and all H-smooth functions f with x, = argmin f(z):
IV @)II* < 2H(f(x) — f(z.)) (12)

Let’s consider the function f(x) = {(x, z) — (V{(Wy, z), x — w,). Notice that since ¢ is H-smooth and convex, so
is f (because we only added a linear function to ). However, also we have that V f(w,) = V{(w,) — V{(w,) =0,
so that f is actually minimized at w, (which is the argmin of £, not ¢). Therefore:

IV f(@)|* <2H(V f(z) = f(w,))
VE(x,2) — VEWy, 2)||* < 2H(U(z,2) — (W, 2) — (VE(Wy, 2), 2 — W,))

Further, by a more direct application of (12):
IVL(wW)[* < 2H(L(w) — L(w,.))
Now, we can compute:

E[IVL(w,2) — VL(v,2) + VLW)|]?] = E[|VLWw, 2) — VL(v,2) + VL(V) — VL(W) + VL(W)|]%]
< 2E[||VUW, 2) = VE(v,2) + VL(v) = VL(W)|* + [VL(W)|?]
< 2E[||V(w, z) — VU(v, 2) + VL(V) = VLW)|]°] + 4H(L(w) — L(w,)

Now, notice that E[V{(w, z) —V{(v, 2)] = VL(w)—VL(v). Further, for any random variable X, E[|| X —E[X]||?] <
E[|| X|?]. Therefore the first term in the above expression can be bounded:

E[[|VA(w, z) — VL(v,2) + VL(V) = VL(W)|]?] < E[||VEw, 2) — VL(v, 2)|]?]
= E[[(V&(W, 2) = VW, 2)) = (VL(v, z) = Vi(wy, 2))||’]
< 2E[|| VAW, 2) — VE(w,, 2)||* + | VE(v, 2) — VE(w,, 2)||?]
<AHE[U(W,z) = U( W, 2) +L(v,2) = b( Wy, 2) — (VU(Wy, 2), W + V — 2w, )]
=4H(L(w) — L(wy) + L(v) — L(wy))

O

This lemma tells us that the estimate g has low variance if both w and v have small function value. We can use
this fact to set up a kind of “virtuous cycle”: using estimates g, we run N steps of SGD to obtain iterates with smaller
function value. Then, we choose a new checkpoint v from these iterates and recompute the new V.£(v), and then run
N more iterates of SGD. Now, as SGD converges, w and v will obtain smaller and smaller objective values, which
will make the value of E[||g||?] small, which will make SGD convergence even faster, making E[||g||?] even smaller,
and so on.

The algorithm is presented in Algorithm [I8}

Theorem 27.2. Suppose L = = Zivzl 0(w, z;) is such that each {(w, z) is H-smooth and convex in w for all z;.

Suppose T' is a multiple of N. Suppose n = \/Cﬁ and 1 satisfies n < ﬁ. Then Algorithm guarantees:

€ | 230 el - £(w,)| < YNECHE) L))t Ewn el
t=1

Let’s take a minute to interpret this result. First, since Algorithm only performs one O(N) full-gradient com-
putation every [N iterations, and normally each iteration takes 2 gradient computations, the total computation used by
Algorithm is still O(T'), same as it would be for SGD. Therefore, if we use C for the total computation, we need to
compare the following numbers:

118



Algorithm 18 SVRG
Input: Initial Point wq, learning rate 7.
Set initial checkpoint v; = w.
Compute VL(vq) (takes O(N) time).
Set e = 1 //e is an “epoch” counter.
fort=1...T do
Sample z; at random from {z1,...,zx}.
Form gy = Vl(wy, 24) — VE(Ve, z) + VL(Ve)
Set wiy1 = Wy — 18-
ift =0 mod N then
//1f we’ve finished one epoch, pick a new v.
e=e+1.
Ve = % ZfzthJrl Wi
Compute VL(v,) (takes O(N) time).
end if
end for

(%) for full gradient descent.

o)
2. 0( )forSGD

3. 0( )forSVRG

Now, it is clear here that SVRG always beats full gradient descent. But what about SGD? Let’s consider the case
that C is fairly large compared to N, say O(N?/2). Then the bounds are O(1/N3/4) for SGD compared with O(1/N)
for SVRG. Thus, SVRG clearly dominates in this case. However, it’s also intuitive that SVRG may not do as well
when N is large compared to C. By inspecting the equations, we can see that SVRG will always beat SGD (up to
constants) so long as N < C. This is extremely mild: essentially we are asking that we need to look at every point in
the dataset at once. Anything less is essentially throwing out data, so the situation in which SGD is better is a bit of a
degenerate case.

Now, let’s give the proof of Theorem [27.2]

Proof. The proof is similar to our bound for smooth convex losses (after reading the proof, you might want to take a
minute to think about why we don’t need projections here unlike some of our other convex analyses).
We will use e; to indicate the current value of e at iteration ¢. So e; = [%]

W1 — W*Hz = |lw; —ng: — W*||2
= ||w: — W*H2 —2n(g, Wy — W) + 772Hgt\|2

lwe = Wl = [[wis = wall? | nllge?
2n 2

_ 2 _ _ 2 2
W*>]<E['Wt Wll? = [ w1 = w +n||gt||]

<gtth - W*> S

Eth; Wi — 277 2

Use the fact that E[g;] = V.L(w,):

E[L(w:) — L(w,)]

IN

+

£ [wi — woll> = Wi — wol® | nllg:l?
2n 2

S ElL(wr) — L(w,)] < XT: £ [Iwe = wall? = [ wess = wo | e
t=1 ' e t=1 277 2

T
i~ w.l?
<P+ 23 elle
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now we use Lemma 271t

< A S el — £lva)) 4w — £v.)

: 1
Using n < g

w1 — W*IP Iy NS
< +5 > ElL (W)l + 5 D EIL(ve) = L(w)] + 2nHN E[L(v1) = L(w)]

t=1

Now, let’s take a minute to understand £(v.) — £(w,). By Jensen inequality, for all e > 1, we have:

N
Z e(N=1)+1+i)

Therefore:
T/N-1 T/N-1 N
N Z E[L(ve) — L(w,)] < Z ZC(W(e—l)N-&-i) — L(wy)
v
= E[L(we) — L(w,)]
t=N+1

< ) EIL(wi) — L(w,)]

M=

Il
ol

t

Further, for e = 1, v, = wy. Therefore, we have:

[w1 — w?

T T
D ElE(wi) - £(w.)] < L 22 £(wi) = £(w,)] + 20HN E[L(v1) = £(w.)

< ”Wl;nw*| +2nHN E[L(v1) — L(wW,)]

20w —w.|? | SyHN(L(w)) ~ L(w.)
* T

1 T
7 D ElLlw) — £lw)] < T

concludes the result.

Now finally plugging in n = \/CN
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28 Normalized Gradient Descent and Non-convex Variance Reduction

We have just seen how to perform variance reduction for finite-sum convex problems. It turns out that variance
reduction is in some sense even more powerful for non-convex problems. In the convex case, we are only able to see
gains over SGD in the special case that £(w) is has the form of a finite sum. In contrast, for non-convex problems we
will be able to obtain improved convergence to critical points without this extra restriction. For reference, recall that
SGD obtained the guarantee:

1 o 1
72 Elveml <o ()

Thus, by selecting an iterate w at random from w1, . .., wp, we obtain:

eIV eI <0 (77 )

By using variance reduction, we will be able to significantly improve this to:

eIV eI <0 (77 )

This rate discovered simultaneously by two different groups in 2018 Fang, C. J. Li, et al. 2018; Zhou, Xu, and Gu
2018, and in 2020 this was shown to be the optimal rate Arjevani, Carmon, J. C. Duchi, Foster, Srebro, et al.|2019.
Our presentation of the results will look slightly more similar to Fang, C. J. Li, et al. |2018, but somewhat more
streamlined borrowing ideas from Cutkosky and Mehta 2020,
In order to derive the algorithm with a good balance of intuition we will need to consider normalized updates for
SGD. To start, let’s look at the following scheme:

m; = Vﬂ(wl, Zl)
m; = (1 — a)m;_1 + aVel(wy, z)
my
Wit1 = Wy —N)o—7
[ |
We’ll call these updates normalized gradient descent with momentum.
This is almost identical to our previously studied momentum methods, but now instead of writing w;4; = wy —
nmy, we normalized the momentum term in the update. This makes the following important identity true:

|[Wip1 — wi|| =n forall¢

This identity is extremely useful for analysis. Recall that when we previously analyzed momentum in the non-convex

setting, we tried to view momentum as a form of averaging, and the primary difficulty was trading off some bias caused

by the fact that w; is changing over time. Accurately measuring this bias was very technically challenging because

there was a complicated relationship between the speed that w, is changing and the amount of bias. In the end, we

never actually really quantified how much this bias was, but we were able to sidestep the problem through a tricky use

of a potential function. With normalized updates, we are going to be able to completely avoid all of these difficulties.
In particular, we have the following result:

Lemma 28.1. Suppose that L is an H-smooth function and E[||V{(w, 2) — VL(w)|?] < o2 for all w. Then using
the normalized gradient descent with momentum updates, we have:

Hn

(67

Elllm, — VL(w)[] < (1 —a)'o +ova+

Proof. Let’s start by obtaining an expanded expression for m;. To compactify the notation, set g, = V{(wy, 2¢).
Further, let’s define:

€ = 1My — VAC(Wt)
Tt = 8t — VE(Wt)
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Notice that E[r;] = 0 and E[||¢||?] < o2, so that by Jensen inequality, E[||r¢|]] < o.
Then we have:

(1-—a)mi_1+ ag;

(1 —a)(my—1 — VL(W)) + alge — VL(Wy))

(1—a)(mi—1 — VL(Wi—1)) + (1 —a)(VL(W_1) — VL(W:)) + ary
=1—-a)g1+ (1 —a)(VL(Wwi1) — VL(WY)) + ary

m;
€t

Now, we have generated a recursive expression for €;. Notice that the third term, ary, is zero in expectation, so we
might hope that it has a small contribution to €;. The second term, is bounded by:

IVL(wi—1) = VL(W)|| < H|[ Wiy — wil| = Hr

So we can control it by setting 77 small. Notice that by using normalized updates, we have a very tight control over the
difference of the gradients because we know exactly how big ||w;_1 — w/| is.
Let’s continue expanding the recursive expression for €; to see how we can leverage these intuitions:

e =(1—a)e—1+ (1 —a)(VL(wi_1) — VL(W)) + ary
= (1 — 04)26:‘,72 + (1 — 04)2(V£(Wt72) — V£(Wt,1)) + Oz(l — oz)rtl + (1 - a)(VC(Wt,1) - VE(Wt)) + arg

unrolling for ¢ iterations:

=(1-a) e +tall —a)Zro+ - dars+ (1 —a) Y VL(W) — VL(W)) 4+ + (1 —a)(VL(Wi_1) — VL(WY))

recall that m; = g so that ¢y = ry:

= (1 — a)t_lﬁ + a(l — a)t_2r2 + -4 arg + Z_:(l — Oz)t_T(V,C(W-,-) — V/:,(WT_H))
=(1-a)r+al—a) 4+ Far + z_:(l — )" T(VL(W,) — VL(Wri1))
T=1
=(1—a)r + aZ(l —a)" T, + z_:(l — )" T(VL(W,) — VL(Wri1))
=1 T=1

do a little reindexing to make the geometric series in the sums clearer:

t t—1
=(1—a)r + aZ(l —a) e+ Z(l —a) (VL(Wi—r) = VL(Wi—741))
7=0 T=1

Now, observe that all of these terms are expected to be small: the first term is of course geometrically decaying in ¢,
and the other terms involve goemetric series of (1 — ). Let’s make this concrete by taking expectations:

Ellleel] < (1 — ) Elllrll + @ || 350 = ) res| | + 3570 = ) ENVEWe) — VLW _r11)]
7=0 T=1

— (- @) Ellnl] + ok | [0 - )| + 30 - ) Hy
7=0 =1

< (- a)Ellnl]+ag || Y1 — )| [ + (- )y
7=0 7=0

= (1= Ellnl] +ak || S0 - ey || + 21
7=0

t

Z(l —a) r_,

7=0

<(l-a)o+aE
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Now, by Jensen inequality:

E [ Z(l —a)’r, 1 < |E Z(l — Q)T
T=0 =0
< |E Z Z (1—a)™ <Tt77rt7,>]
L7=0 7/=0

since E[(r¢, ;)] = 0 for t # ¢’ and E[||r¢]|?] < 0%

Thus, o E [HZi:O(l — ) T,

} < o/ So, putting all this together:

H
Elll] < (1= a)'o + o + 22
O

This Lemma tells us that, by setting « and 7 appropriately, we will be able to ensure that m; ~ V.L(w;) in
expectation. Now, it remains to see how we can use this property. To do this, we’ll need a variation on the lemma for
biased gradient descent we established when analyzing SGD with momentum:

Lemma 28.2. Define ¢, = m; — VL(wy). Then we have:

8 Hn?
Llwisr) < Lwe) = 2IVLw)l| + F el + =5
Proof. By the smoothness property:
m Hn?
£(wis) < £(we) = m(VLw), ) + =55
_ VL(w) + e Hn?
— )~ (VL) e e o I
Now, let’s consider two cases, either ||e;|| > 1||VL(wy)| or not. If [|e;|| > 3(|V.L(w)||, then:
Vﬁ(wt) + € >
—(VL( W), 77— ) < ||VL(W
(Ve [ ey ) < 920
< IVEwI | AIVEGw|
3 3
S\ ZZCATINETE 1T
VL(w 8
S_” ; t)||+§||EtH
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Alternatively, if [[e,]| < 1[[VL(wy)|:
3
IVL(w) + el < SIVLw)|

~{VE(w), ) < S TLw)?

VEw) te \ VLMD +(VL(w), e
- <V£(Wt)’ VL (we) + et||> -

[VL(W:) + el

CIVEw)|?/2

T 3[VL(w2)|/2

Ve
3

Therefore, either way we have:
VE( )+€t
\¥ —_ \# —
1 (VL) o g o) < = 2Ll + e
from which the result follows. O

Now, we’re ready to put everything together and analyze this new version of momentum:

Theorem 28.3. Define A = L(w1) — L(w,). Suppose L is H-smooth and g, has variance at most o. Then with

a = min (1 \/;) O(1/VT) and n = \/\/:_ O(1/T%/),

d 57VAHT 41(AHT302)1/4 8VT
E [Z ||vz:<wt>||] < R T
< O(T3/4)

Proof. Applying Lemma [28.2] followed by Lemma [28.1] we have:

E[L(wit1)] < E[L(we) — f||V£(wt)H + ||€t|| + H277 ]
<E {awt) ~ DIV L) + H—” + ((1 —a)lotovat ffj)]

telescoping over t:

EL(wri)] SE |£(w) — 3

T
vz<wt>||+H?’+3<T Vi By o )]

HTn? 8nToya 8HTn?> 8no
£ _
IVL(w)|| + 5 T3t 3.t g

T
>
t=1
< |£tv) = 3 2 IVLml + e Z)]
>

<E |L(wi) - gz IVL(w)ll +

19HTw?* 8nTo/a 8no
+ + =K
6 3 3a

Now let’s define A = £(w1) — £L(w,) and rearrange:

19HT
vacm ]<+ o L f+—
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Now, all that remains is to set a and i appropriately. This is a somewhat tricky task. To start, notice that the optimal

value for 1) should balance the % and the % terms. From this, we can get (ignoring the constant factors) n = \/*Vgg
so that:

8c
T —
“ova +38 Wa+a

we should expect the T/« term to be larger than the 1/« term. Then, to balance

T
25vVAHT
Z VL (w; ||]

Now, observe that unless o < ﬁ,

the first and second terms, we can set o = U—V\A/%I. This would yield:

3,.2\1/4 o2
[ZHva ||] WA ST

2vVAH

However, there is a subtlety: this value of o may not be allowed because we must have a < 1. If it is not allowed,

then U—V\A/g >1,sothat o < V\/ATH, and we we set o« = 1 to obtain:

T
25V AHT
E[> ||V£(wt)|] < +8To+80
t=1

57V AHT
= 2

2

Thus, with ¢ = min (1, UA ) we obtain:

&

T
57VAHT 41(AHT30? 1/4 sf
E vaz:wtn] 5+ ( 5 )
2\/

t=1

O

Now, this just recovers the standard SGD rate we’ve seen before. However, it turns out that a small tweak to
formula will enable us to get the improved variance-reduction rate without too much extra work in the analysis.

28.1 Adding the Variance Reduction

The variance reduction scheme we will describe now is different than SVRG algorithm we saw earlier: we will not
assume that the £ has a finite-sum form, and we will never have to evaluate a full batch (this is good, because if £
is not a finite-sum form it’s not even possible to evaluate a full batch!). However, we will make the assumption the
L(w) = E[¢(w, z)] where {(w, z) is H-smooth in w for all z.

Now, our new variance-reduced momentum scheme will be the following:

m; = Vﬁ(wl, Zl)

m; = (1 — a)(my_y + VU wy, z) — VW1, 2¢)) + aVE(wy, 2¢)
Wii] = Wi — n&

o oo
Let’s call this normalized gradient descent with variance-reduced momentum.

This is almost the same as what we had previously, but now there is an extra V{(wy, z;) — V&(w;_1, 2¢) added
into the momentum update. Intuitively, this term is correcting some bias: since m;_; is an estimate for the gradient
at V.L(w;_1) rather than an V.L(wy), we picked up some bias terms when analyzing ||¢;|| in Lemma Since
E[Ve(wy, 2t) — Vw1, 2)] = VL(wy) — VL(wy_1), adding this term to the m;_; is attempting to “de-bias™ the
momentum to mitigate this effect.

Let’s see an analog of Lemma [28.1] for this new update:
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Lemma 28.4. Suppose that {(w, z) is an H-smooth function for all z and E[||V{(w,z) — VL(w)||?] < o2 for all w.
Then using the normalized gradient descent with variance-reduced momentum updates, we have:

- w —a)to +ova @
Elllm; — VL(wy)[] < (1 - a)'o + fﬂ/&

Proof. The proof is extremely similar to Lemma Set g; = VI(wy, z¢). Define:

€ = 1My — Vﬁ(wt)
re =8t — V£(Wt)

0 = Wy — Wi1
Now, we have:

m; = (1 — a)(my_1 + VE(wy, z) — VEUWi_1,20)) + aVE(wWy, 2¢)
=(1—a)(m_1Vlwy, z) — VW1, 2) — VL(We)) + a(VEl(wy, 2¢) — VL(WY))
=1 —-—a)(m_1 —VLWi—1))+ (1 — ) (Vl(wy,2¢) — VW1, 2) + VL(Wi_1) — VL(Wy)) + ary
=(1-a)e_1+ (1 —a)(Vlw,z) = VUWi_1,2¢) + VL(Wi_1) — VL(We)) + ary

Now, notice the critical difference from the proof of Lemma[28.1} the middle term here is now also zero in expectation!
Let’s define

= VE(Wt+17 Zt+1) — Vﬁ(wt, Zt+1) + VE(Wt) — Vﬁ(wtﬂ)
then we have E[s;] = 0, and
Elllsll?] < ElIVEWe 1, 2641) — VW, 2e41)||]
< H?|| W1 — wy
— H2772
Now, let’s proceed to unroll the recursion once again:

a=01-a)tlag+al—a)2ro4+--+ar,+(1—a)ts; 4+ +(1—a)s_y

recall that m; = g so that ¢y = rq:

=(1-a) ' +al—a) -+ a(l —a)r + Z(l —a)' s,

¢ t—1
=1 —a)r + aZ(l —a)" T, Z(l —a)" s,
=1

T=1

do a little reindexing to make the geometric series in the sums clearer:

¢ t—1
=1 —a)r + aZ(l —a) r— + Z(l —a)’s
7=0 T=1

Now, let’s take norms and expectations. The first two terms are bounded identically to in the proof of Lemma[28.1]

t—1
Elled] < (1— 0o +ova+E || S0 —a)s, ]
T=1
Now, for this last term the argument is again familiar:
t—1 t—1 2
El > (1-a)s, 1 < el a-a)rs,
T=1 =1
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using E[s;] = 0:

IN
]
—
|
L
©
=

using E[[}s.[[*] < H*n*:

So over all we have obtained:

Elllecll] < (1 — a)'o + ov/a + %

O
Compare this result with Lemma notice that the 7 term has improved to %
Now, look back to the proof of Lemma this Lemma actually made zero assumptions whatsoever about how

m, was generated. Thus, it applies equally well with our new improved way to generate m; and so we can applying
directly analogously to the proof of Theorem [28.3]to show:

Theorem 28.5. Define A = L(w1) — L(w,.). Suppose {(w, z) is H-smooth for all z and V{(w, z) has variance at
. VAV«
most o2. Then with o = 1/T?/3 and n = \/HLTF = 0(1/T?%3),

T
5TVAHT — 41(AHo)Y/3T2/3  857/3T2%/3

Proof. Applying Lemma followed by Lemma [28.1} we have:

E[L(wit1)] < E[L(we) — g”Vﬁ( we)|| + 7” A+ H277 ]
2
< |ctw) - Zvewal + 5+ 3 (- oo +ova+ I

telescoping over ¢:
1 HTn .
E[L(wri1)] <E [L(W1) — 3 VL(w )||+2+3<T \F+T+Z (1—a) )]

T
2
T
<E |[L(wy)— gZHv£(Wt)||+HTn 8n (T \F—&—HTU Z)
T
b

2 Ja
B [ n HTn?> 8nToy/a SHTn? 8no
=E|L(w1) 5 2 VLWl + ——+ ——5——+ NG
r T
7 19HTn? 8nTov/a 8no
< - =
<E |L(w1) - 3;w£(m)l|+ o T3 T 3a
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Rearranging:

T
3A  19HTn 8o

VAVa

Now, again we need only to choose the values for  and «. Balancing the first two terms with n = TOT yields:

T
25V AHT 8o
E t_zl |V£(wt)||] < o T 8Tovat —
Now, set @ = 7 /3 to obtain:

2 \/AHTQ/
[Z |V L(w, |] > +160T2/3

. . 2/3 /NH
If you want to be a little more careful, we can set @ = min (1, (f/fi%z/s) Then, if « = 1 we have 0 < \%q

T
25vVAHT
EY. ||V£(wt)|] S 16VAHT
t=1

< o7 ?HT

while otherwise we have:

(AHJ)1/3T2/3 Qg 7/37T2/3
[Z |V L(w, ||] + WNGEE

So, regardless we have:

T
57VAHT =~ 41(AHo)Y/?T?/3  857/3T2%/3
<
E E ||V£(Wt)1 < 5 + B) + (AH)2/3

28.2 Other Uses of Normalized SGD in Practice

In the preceding sections, we primarily introduce normalization into th SGD update for analytical convenience: nor-
malization ensures that |[w, — w,_1|| = 7 for all ¢, which makes calculations much simpler. In fact, it is possible to
prove essentially similar results without normalization.

However, normalization can also be motivated by essentially purely empirical considerations. You, Gitman, and
Ginsburg 2017; You, J. Li, et al. [2019| suggest the LARS and LAMB algorithms that incorporate normalization in
concert with specific “layer-wise learning rate”. To describe this proposal, we need to break the full parameter w into
a small number of “sub-parameters” corresponding to conceptual units in whatever model w specifies. For example,
consider the model:

x = Wao (Wi (Whx))

where o is the ReLU activation: o : R — R™ via o(2)[{] = max(0, z[i]) and Wy, W; and W5 are all matrices. Then
we can consider w as the flattened vector of all three matrices concatenated together. Most of our analysis would then
discard the original structure of the matrices. However, conceptually it makes sense to remember this structure. Thus,
we could re-write the standard SGD update as:

(Wi)tg1 = Wi)e = nVw, L(w, ()
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We then move to a normalized update and allow 7 to depend on the matrix W;, to obtain the update:

This is essentially the LARS update. Now, at this point the update is identical to a “per-matrix” version of normal-
ized gradient descent (without momentum), with the exception of scaling the learning rate by || M;||. So far as I am
aware, there is no strong theoretical justification for this modification. Nevertheless, You, Gitman, and Ginsburg 2017

showed that this approach yielded extremely good empirical performance when combined with very large batch sizes.
Now, we will describe the LAMB update. First, add momentum:

(Mi)e41 = B(M;)e + (1 = B)Vw, (Wi, ()
(M;):)

(Wit = (Wi)e — ””(W”)t”m

Now, we give the update an “Adam”-flavor (all addition and squaring below is per-coordinate):

(Mi)i41 = B(M;)e + (1 = B)Vw, l(Wy, )
(Vi)es1 = beta(Vi)e + (1 — B)Vw, l(wy, G)?

(Wi)eer = (Wi)e — nll (Wil

(M;)e41

Di)i1 =

(Do) (Vi)
e DO)
(Wl)tJrl = (Wz)t n”(WZ)tHH(Di)t-&-lH

This update attempts to normalize the Adam displacement rather than the just a running-average of the gradients.
Again, there is no known theoretical justification for this, but it seems to provide strong empirical performance, and
was originally reported to significantly improve upon other optimizers like Adam when used with very large batch
sizes.

A word of caution: Although LARS and LAMB have become rather popular, recent results suggest that much of
their proposed gain of Adam at large batch sizes may be due to poor tuning of standard baselines like Adam Nado et al.
2021} This is a common theme in empirical optimization algorithm work: it is very hard to disentangle improvements
that are actually due to conceptual improvements in the optimization algorithm and improvements that are simply due
to poorly tuned baselines.
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29 Second-Order Smoothness and Cubic Regularization

For most of this course we have consider smooth objectives, for which the second derivative V2L (w) satisfies the
bound ||V2L(w)llop < H for some H. Now, we will consider restricting the class of functions we consider a little

more, to see if we can make some improved algorithms. Specifically, let us consider functions for which not just the
second derivative, but also the third derivative is bounded. Such functions are callled second-order smooth:

Definition 29.1. A function £ : R* — R is p-second-order smooth if L is twice-differentiable at all x € RY, and for
all x,y,v:

I(V2L(z) = VL)l < plle = ylllv]

Note that in the literature, the symbol for second-order smoothness is often p rather than J. This definition is
related to the third derivative (or “jerk” as it is called in physics) in a directly analogous way to how Lipschitzness is
related to the first derivative and ordinary smoothness is related to the second derivative. Note that in the literature, the
symbol for second-order smoothness is often p rather than JJ. We name it J for “jerk” to help remember the symbol,
and also because when writing it is often easy to get a p confused with a p.

In order to formalize the relationship between second-order smoothness and the third derivative, we need to think

a little bit about what sort of object the third derivative actually is. The third derivative of a function £ : R — R can
2

be specified by a three dimensional d x d x d matrix whose ijk entry is W%v‘/[k]'

that a (2-d) matrix M represents a bilinear function taking vectors v, w to the scalar v " Mw, a 3-d matrix T represents

a trilinear function taking vectors x, y, z to a scalar via the operation:

d d
(2.y.2) = S50 S i, keily )2 1K)

i=1j=1k=1

Formally, in the same way

If we denote the third derivative of a function £ at a point w by V3£(w) and use V3L(w)(x,y, 2) to indicate
application of the above trilinear form to vectors x, y, z, then we can write the third-order Taylor approximation to £
as:

STV2L(W)S  V2L(w)(5,6,0)
2 + 6

Also, note that just as a 2-d matrix transforms vectors into other vectors, the 3-d matrices transform vectors into
matrices. That is, since V3£(w) is the third derivative, we can use it to write a first-order Taylor expansion for VL.

L(w+08)~ L(w)+(VL(W),d) +

d
V2L(w + 0)[i, 4] = V2L(W)[i, 4] + > VPL(W)[i, j, k]5[]

k=1

Mathematically, the objects VL(w), V2L(w) and V3L (w) are sometimes said to be first, second, and third-order
tensors respectively. Since it is somewhat cumbersome to continually say 2-d matrix vs 3-d matrix, we will call the
first derivative a tensor, the second derivative a matrix, and the first derivative a vector.

We can extend the definition of operator norm from matrices to tensors as follows:

Definition 29.2. The operator norm of a tensor T is denoted by ||T||,, and defined by:

sup  |T(z,y,2)|
Izl Nyl Nzl <1

Notice that the trilinearity of a tensor 7" then implies:

T,y 2)| < [l l[ylllIZ11T flop

With these preliminaries out of the way, we can provide the formal connection between second-order smoothness
and the third derivative:

Proposition 29.3. Suppose L is thrice differentiable. Then L is J-second-order smooth if ||N3L(W)||,y < J for all
w.
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Proof. Let x and y be arbitrary points. Then by the mean value theorem, there is some z such that:

d

VEL(Y)li. 4] = VEL(@)[i, ) + Y VPL()i, G k] (2 — y) K]
k=1

Therefore, for any unit vectors v and w:
v (V2L(y) = VEL(2))w = VP L(2) (v, w, (z — y))
< lolllwlllz =y IV2L(2)lop
< Jlz =yl

where the last line uses the boundedness of V*£(z) and that v and w are unit-vectors. But sup|j,,j1,ju| =1 v (V2L(y)—
V2L(x))w = ||V2L(y) — V2L(x)||op, so this implies || VZL(y) — V2ZL(z)|lop < J||z — yl| and L is J-second-order
smooth. O

Next, we can provide an analog of the “key smoothness lemma’:

Lemma 29.4. Suppose L is J-second-order smooth. Then for any x and §:

STV2L(x)s |0
_|_

Lz +0) < L(z) + (VL(x),) + 2 6

Proof. From fundamental theorem of calculus (used twice):
1
L(x+0)=L(z)+ / (VL(z+15),0) d

/ / (VL(x),0) +t6 " V2L (x + thd)d dkdt

= L(z) + (VL(z) //téTvzﬁ( Y0+ 16T (V2L (x + thd) — V2L (x))d dkdt
= L(x) + (VL(z),6) + 5TV2E / / t0 (V2L (z + thd) — V2L(x))6 dkdt
< L(2) + (VL(x),5) + ‘STVQ //t||6|| IV2L(x + thd) — V2L()lop dkdt
< L(x) + (VL(z),6) + ‘STVQ //t2kJH5||3dkdt

6TV2£( n J|6]3
2 6

O

We also have the following bound on the change in the gradients, which is also an intuitive consequence of Taylor
series ideas:

Lemma 29.5. Suppose L is J-second order smooth. Then for any w and §:

8]

IVL(w +0) = (VL(w) + VZL(W)I)]| < =
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Proof. By the fundamental theorem of calculus:

1
VL(w+0) = VL(w) + / V2L(w +16)d dt
0

= VL(w) + V2L(W)5 + / 1(v2£(w +15) — V2L (w))d dt
0

IVL(W + 8) — (VL(W) + V2L(w)d)|| < ‘ /Ol(v%(w +18) — V2L(w))d dtH

< /1 [(V2L(w + t8) — V2L(w))]| dt
0

1
< [ IVPL(w +18) — V2L(w) lop|0]] dt
0

1
< [ e
0

2
_ 1ol
- 2

O

What can we do with second-order smooth functions? With regular smooth functions, we were trying to find
critical points where the gradient is small. With second-order smooth functions, we can do much better. Not only will
we be able to find critical points faster, we will be able to find second-order stationary points, otherwise known as
(approximate) local minima.

Definition 29.6. A point w is an («, 3)-second order stationary point of a function L if:
IVEW)I| < a
)\min(VZE(W)) Z _B
where Amin(M) indicates the smallest eigenvalue of a matrix M.

Intuitively, if 8 = 0 in the above, that means that the hessian is positive semi-definite at this point so that if the
gradient is also small, we must be at a local minimum. Thus, allowing a small positive /3 is a way to relax the notion
of local minimum.

One way to try to minimize second-order smooth functions is using the cubic-regularized newton step Nesterov
and Polyak 2006, This algorithm makes the update:

(w— wt)TV2£(wt)(W —wWy) . J||w — wy||?

Wi = argmin L(wy) + (L(Wy), W — Wy) + 5 5

Now, actually solving for the value of w;; here is itself a non-convex optimization problem. However, it turns out
that since it has this very special cubic form, it is possible to reformulate it into a way that can be solved efficiently.
However, let’s not worry about that now and instead get some idea for how this update will perform.

Previously we’ve exploited the fact that a large gradient value means that it is possible to make the function value
decrease a lot. Here, we will exploit a different fact: if V2£(w) has an eigenvector with large negative eigenvalue,
then it is also possible to make the function value decrease a lot. Let’s see how. Suppose V2L (w)v = —Av for some
A > 0 and unit vector v. Notice that we also have V2£(w)(—v) = —\(—v). Therefore, after possibly replacing v
with —v, we may as well assume that (v, VL(w)) < 0. Let’s consider w + nv for some to-be-specified . Then we
have:

PYILY | T

L(w+nv) < L(w)+(VL(W),nv) + 2 6

using (VL(w),v) <0, V2L(w)v = —Avand ||v| = 1:
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Now, set n = %:

<L(w)— =
(W) 3J2
Now, this is similar to how we had a function decrease of O(—||VL(w)||?/H), but now the decrease is in terms of the
eigenvalue of V2£(w) and is cubic rather than quadratic.
Thus, we have the following result:

Theorem 29.7. Suppose L is J-second-order smooth, and for some given w there is a unit vector v such that
vIV2L(W)v < = for some X > 0. Let § = —Zvsign((v,VL(W))), where sign(z) is 1 if x > 0 and —1
otherwise. Then:

STVRL(wW)S 8|3 9)3
< _ 2
2 T S AW 35

Proof. Notice by definition of § we have (V.L(w),§) < 0. Further, § ' V2L(w)é < —‘%3 and ||§]|® = 8_%:. Therefore

5TVL(W)S |, (6]
2 6

L(w+0) < L(w)+(VL(W),d) +

Lw+6) < L(w)+ (VL(W),d) +
203

< L(w) —

Now, let’s define

(ST 2 K} 5} 3
5 = argmin(VL(w,), ) + LV QE(W) n g J
5

and so the cubic regularized newton step algorithm is:
Wip1 = Wy + 07
Let’s also define the “progress” function:

5TVLW)S (6]

Pi(6) = (VL(w0),8) + ~—— ;

so that
L(wi1) < L(w) + Py(67)

and 6; = argmin P;(5). Now, by Theorem [29.7, we have just seen that if the smallest eigenvalue of V2L (w) is
denoted by —\(w), then if A(w) > 0, we have the bound:

2\(w)3
3.J?

Our overall goal to analyze the cubic-regularized newton step algorithm is roughly to show that, at each iteration for
any e, either we have found a point with both |[VL(w)|| < e and A\(w) < /e, or £(w) will decrease by at least ¢3/2.

Fi(67) < -

Therefore, since we can only decrease by €3/2 at most % times, we see that by setting e = O(1/T%/3), there
must be some iteration at which we do not decrease the function value be €*/2, and so we find an (e, 1/€)-second-order
stationary point.

Theorem 29.8. After T steps of cubic-regularized newton step, there must exist some t € {1,...,T} such that:
122/3A2/3J4/3
[VL(Wei1)]| < By R
34/3A1/3 J2/3
AWent) = =i
That is, Wiy is a (124/3TA22//33 J4/3a 34/;1%1;?/‘]32 /3> second-order stationary point.
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Proof. Let us define A = L(w) — L(w,) and e = % Now, let’s consider some index t € {1,...,T} and

do some casework.
First, suppose A(w;) > \/e. Then by Theorem[29.7| we have:

263/2
£(Wt+1) < L(Wt) — W
Next, let’s suppose A(w;) < /€. Now, notice that since §; = argmin P;(J), we have VP, (d;) = 0. Therefore:
orllox|J
VL(w;) + V2L(w)o) + M =0 (13)

* 12
Further, since w;;1 = w; + 0, by Lemma , there is some vector x with ||x|| < % such that:

VL(w) + V2E(wt)6;‘ =VL(Wiy1) +x
Therefore:

5i10: 0 _

VL(Wi1) +x+ =

0

which in turn implies:

1
1wl < el + 12 < s

Now, let’s suppose that || 57 || < Q‘f. Then we have

VLW < de

And further, since A\(w) < /€, we have for all unit vectors v:
VIVIL(Wis1)v = v (V2L( W) — V2L(Wy))v + v VZL(wy)v
> _JHwt—&-l - Wt” + VTV2£(W,§)V

> —J||o7]] = Ve
> -3\
so that A\(w;41) < 3+/c and so w1 is an (2¢, 31/€) second order stationary point.

Now, suppose instead that |55 || > Qf. Then, taking the inner product of equation with §; on both sides, we

have:

* * T2 * ||5Z(||3‘]
(VL(wy),07) + 67 VL(wy)op + 5 = 0
5*T 2 §* S5*13
SFTNV2L(w)or  |10F|13T
Pt((S:):*t 2( )t7||t?l|
2 AWleEl  lleglP g
- 2 3
o Vellogl? szl
- 2 3
K 2 3
* (|2 \/E
<lorlP- (-2 )
2¢3/2
< _ =
- 3J?

In summary we have the following possibilities:
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1. Wy is an (4€, 31/€) second-order stationary point.

2. A(wy) > Ve and L(wiy) — L(w,) < —257°,

3. A(wy) < Veand L(wiy1) — L(wi) < =255

We can compactify these cases a little bit by noticing that the conclusion of the third case is the same as the conclusion
of the second case:

1. w41 is an (4e, 3/€) second-order stationary point.

3/2
2. If case 1 does not occur, then £(wey1) — L(Wy) < =255

Suppose case 1 never occurs. Then by definition of e, this would imply:

r 2T e3/2
—A < L(wri) = L(wr) =Y L(Wigr) = L(w) < -5 =A
t=1

so that —A < —A, which is a contradiction. Therefore there must be at least one iteration in which case 1 happens,
which implies the desired result. O

There has been a fair amount of recent work on second-order smooth optimization. In the deterministic setting, see
Carmon et al.2017|for an algorithm that does not require the ability to compute the entire hessian in order to achieve
faster convergence rates (it’s also a nice application of the almost-convex optimization algorithm we saw earlier). In
the stochastic setting, see Fang, Lin, and Zhang 2019|for a proof that SGD actually converges faster on second-order
smooth functions than the analysis we provided previously in lecture, or Cutkosky and Mehta 2020 for a slightly more
complicated algorithm but much simpler proof of a similar result. The lower bounds in this setting are not as well
understood. In the case of stochastic methods, the results of Fang, Lin, and Zhang |2019; Cutkosky and Mehta [2020
are known to be tight, as recently shown by Arjevani, Carmon, J. C. Duchi, Foster, Sekhari, et al.[2020. However, in
the deterministic setting there is a bit of a gap between the lower bounds and the best known algorithms. See Carmon
et al.2019/and Carmon et al.[2021|for a description of the lower bounds currently known in this case.
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30 First-order algorithms for Stochastic Second-Order smooth objectives

The cubic-regularized Newton step makes use of the Hessian to optimize more efficiently. All of the other algorithms
we have discussed instead are “first-order” algorithms that only make use of the gradient. In this section, we will
consider what is possible when we are only allowed to use the gradient, but still the objective is second-order smooth.

First, if £ is also convex, then our lower bounds already show that second-order smoothness in £ cannot offer any
improvement for first-order algorithms. This is because the lower-bound construction for both the stochastic as well as
the deterministic case already involves second-order smooth objectives. Technically, the construction provided for the
stochastic case is not second-order smooth, but it is relatively easy to smooth out the 1-d objective to make it smooth.
For the deterministic case the lower bound is quadratic, so all higher-order derivatives are actually zero!

However, in the non-convex case we will able to make some gains. We’ll start with the stochastic setting (surpris-
ingly, it is arguably easier than the deterministic setting)!.

Our algorithm will be a variant on “normalized gradient descent with momentum”, that takes inspiration from our
variance-reduction scheme. Recall the regular normalized gradient descent with momentum update:

gt = Vi(wy,zt)
m; = (1 —a)m;_; + ag
my
Wip1 = Wy — )5/~
[ |

When we studied variance reduction, we employed the “corrected” momentum update:

g: = VIU(wy,2z;)

m; = (1 —a)(mi_y + VE«wy,z) — VEUW_1,2)) + agy
my
Wil = Wi — T)5—
[y |
This required evaluating the gradient twice at two different points. and it required that £ be smooth. Maybe this is
difficult, or maybe /¢ is not smooth, so we will instead try to use second-order smoothness while only evaluating the
gradient once.
The key idea is to somehow gain a better estimate of the true gradient. How can we do this if the variance-reduction
trick is off the table? We need a new trick! To gain some intuition, let’s assume that the hessian V2£(w) is constant
(i.e. L is 0-second-order smooth). In this case, observe the following interesting fact:

L(x) = L(w;_1) + V2L(y)(x —wi_1)
= L(wy)

where x and y can be anything. This means we have the following intruiging identity:
l-«a
Lw)=(1—-a)l(wi1)+a (E(wt) + TVQE(wt)(wt — wt_1)>

(1—-a)

=(1—a)L(Wi_1) + oL <wt + (w, —wt_1)>

This suggests the following modified update:

1-a
gt = AV <Wt + T(wt - Wt—l)vzt)

m; = (1 —a)m;_; +ag;

m;
Wip1 = Wi — ﬁm

This update is motivated by the observation that if it happened to hold (which in general it DOES NOT) that
E[m;_1] = VL(w;_1), then if £ has a constant Hessian we would have:

Emy] = (1 — a)VL(w;_1) +aVL <wt + 1?Ta(wt - Wt—l))
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Formally, for the general case we have the following result:

Lemma 30.1. Suppose L is J-second-order smooth. Then for any x and y and o € [0, 1]:
l-«a
H(l —a)VL(x)+aVL <y + T(y — x)) - L(y)H =77
Proof. By Lemmd29.5| we have:
VL(x)=VL(y)+VL(y)(x—y)+z

where ||z|| < J||x — y/||/2. Similarly,

VE(y 4 120 x0) = VE) ¢ L )

where ||v|| < J % Together, these imply:

(1—-a)VL(x)+aVL (y + 1?Ta(y — X)) =VLy)+(1—-a)z+av

Jlx — vyl
2

1= 0wt +ave (y+ % -x) - vow)| < (a0 + —F)

(1-a)J|x—y|?
2¢

O

Lemma 30.2. Suppose L is J-second-order smooth and ¢ is G-Lipschitz. Consider the algorithm with mg = 0,
wo = wy, and fort > 1:

11—«
g =V/ <Wt + T(Wt — Wt—l)azt)

m; = (1 —a)m;_; +ag;

WL i

Then with e; = my — VL(wy), we have:
t Jn?
Elllecl] < (1 - a)'G+ GVa+ 5

Proof. We expand out €;:
€ — 1My — V[,(Wt)

=(1-a)eg_1 +a (gt - VL <Wt +

1 -« 11—«

(= win)) ) (1= @)(win) + VL (w2 = wien) ) - L)

Let’s define s; = (1—a)L(wy—1)+aVL (Wi + =%(wy — wy—1))—L(wy) andry = g —VL (wy + =2 (wy — wy_1)).
Then we have:

Efllrel|*] < G2
Elr:] =0
(1—a)Jn?
< - 7
el < S
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So, unraveling our recursion for €;:

e =(1—q) 60+az sz—|—20zt7"ki

t

Ellled] < (1— )'G + Gary| 3(1 — )20 +

With this result, we can show:

Theorem 30.3. Suppose L is J-second-order smooth and { is G-Lipschitz. Consider the algorithm with my = 0,
wo = w1, and fort > 1:

1—
=W <Wt + Ta(wt - Wt—1)7zt)

m; = (1 —a)m;_; +ag;

m;
W=

. A\/> o A5/7 A4/7J2/7
Then if T > G320 1 = Ji/mgarrs/e and o = Gormram S 1

15A2/7G4/7J1/7 8G13/7 3HA5/7

T
1
7 D_ElIVEw)|] < + + __—0(1/T%7)
t:l

T2/7 A4/7 J2/7T3/7 2JY/7G4/TT5/7
Proof. Recall from Lemma|28.2
8 H
Llwra) < Lwe) = GIVEW)] + 3 el + 75
Then, by Lemma [30.2}

8T G/« n 4JTn3 n HTn?
3 3a? 2

w3
>
%
=

El(wr1)] < ElL(wa)] — LY VLWl + S0 S (1 - a) +
t=1

t

Il
-

Gy 8TGnya 4JTn®  HTn?

E[IVL(w)] + 5

Wl
[M]=

< E[L(w1)] -

- =1 3o 3 3a? 2
T
1 3A  8G 4Jn*  3Hn
= L( — +8G 240
T;EHV (wolll < T77+onr Vet 2 T
5/7 4/7 12/7 .
Now, set 7 = W and a = % to obtain:
VL o IBAYIGHT YT 8G3/7 3HAY/T
T ; E[|VL(w,)[[] < ol + Xt t SRR G
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A big-O notation

Big-O notation is a shorthand commonly used in computer science and engineering to simplify complicated equations
by focusing on high-level asymptotic rates. Formally, two functions f(x) and g(x) satisfy f € O(g) if there is are
constants C' and X such that for allz > X z, f(z) < Cg(z). That s,

O(g) = {f|3C, X such thatVax > X, f(z) < Cg(z)

In these notes, we frequently use the “<” symbol rather than the “&” symbol to emphasize the role of big-O as an
upper-bound, so we would write f < O(g).
Some examples:

1. 14z < O(x).
2. az™ + bx® < O(x*) for any constants a and b, n and k with k > n.
3. log(x) +z < O(xz).
Big-O notation also satisfies the following general rules:
1. If f < O(g) and h < O(k), fh < O(gk).
2. If f < O(g), then ¢f < O(g) for all constant c.
. If f < O(g)and h < O(k), then f + h < O(max(g, k)).
(9)
(f)

3 )
4. If f < O(g) and g < O(k), then f < O(k).
5. If f <O(f) forall f.

6

. If f is bounded away from zero (i.e. there is some ¢ such that f(x) > e for all sufficiently large x), then

12 0(f).

7. f < O(1) implies that there is a constant C' such that f(z) < C for all z.
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Frequently, we will use big-O notation to hide dependencies on certain values. For example, we might say that
1+ GT? < O(T?). In this case, we are attempting to draw attention to the way a particular quantity varies with T,
and assuming G to be constant.

B Probability and Math Background

Proposition B.1 (Markov Inequality). Suppose X is a random variable such that X > 0 with probability 1 and
E[X] < oco. Then for all y > 0:

PIX =y < B

Y
Proof. Notice that P[X > y] = E[1[X > y]], where 1[X > y] is | when X > y and O otherwise. Further, since
X >0,1[X > y) < . Therefore, P[X > y] = E[1[X > y]] < E[X/y] = EXL.
O
Proposition B.2 (Chebychev Inequality). Suppose X is a random variable with variance o = E[(X —E[X])?]. Then
forall y:

(V)

P[|X —E[X]| > y] < 3

Proof. Define Z = (X — E[X])2. Observe that Z > 0 with probability 1, and E[Z] = o2. Further, | X — E[X]| > y
if and only if Z > y2. The result now follows from Markov inequality. O

Proposition B.3 (Jensen Inequality). Suppose X is a random variable and f is a convex function. Then
E[f(X)] = f(E[X])
Proof. Since f is convex, there exists some g such that for all y,
fly) = FEX]) + {9,y — E[X])
(for example, if f is differentiable, g = V f(E[X])). Then
E[f(X)] = F(E[X]) + E[(9, X — E[X])] = f(E[X])
O

Jensen inequality is often used in reverse: if f is a concave function (that is, —f is convex), then E[f(z)] <
f(E[X]). This can be used, for example, to show that for any random variable X, E[| X|] < \/E[X?2].

Also, the following discrete statement of Jensen inequality is often useful (note that this is really the same state-
ment, just reformulated a bit):

Corollary B.4 (Jensen inequality in discrete case). Suppose x1,...,xx € RYand ay, ..., ayn are non-negative real
numbers. Define T = +a va:l xi. Then if f is a convex function:
i=1di
1 N

> f(@) > (@)

i=1% =1
Proof. Consider the random variable X with a discrete distribution that takes on value x; with probability > — —.

J=1"7

Notice that E[X] = Z. The result then follows directly from Jensen inequality. [

Proposition B.5 (Union Bound). Suppose A and B are two events. Then P[A or B] < P[A] + P[B].

Proof. Clearly the event represented by A or B can be decomposed into either A or B and not A. The probability of
B and not A is at most the probability of B, so the result follows. O
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Next, we will often make use of the bias-variance decomposition:

Proposition 10.4. [Bias-variance Decomposition] Suppose X € R% is some random variable. Then for any deter-
ministic value Y :

E[IX = Y|*] = Iy — EIX]|* + E[IlX — E[X]|?]
Proof. Expanding the square we have:
E[IX - Y[*] = E[lX — E[X] + E[X] - Y||*]

= E[IY — EX]|"] + E[IIX — E[X]|"] + 2E[(X — E[X],E[X] - V)]

= |IY — EIX]I* + EllX — EIX]I’] + 2(E[X — E[X]],E[X] - Y)

= IV — EIX]II” + E[l X — E[X]]*)
where O

Another useful inequality is the Young inequality:

Proposition 10.5. [Young inequality] Suppose X and Y are arbitrary vectors. Then for any X > 0 and any non-
negative real numbers p and q satisfying % + % =1,

RYS
XYy < +—
< ) >7 p)\p +

ATy
q

Proof. Notice that we must have both p and ¢ at least 1 (otherwise 1/p + 1/¢ > 1, which is not allowed). Now,
differentiating the RHS with respect to A yields:

||X||p q—1 q

— o AT
Differentiating again yields:

X1 -

(p+1)ors + (= 1A Iy)e=0
where we have used ¢ > 1. Thus, we can find a minimum value for the RHS by setting the first derivative to 0. Solving
P p/(p+aq

_% + A971|Y||4 = 0 for \ then gives A\ = %, which yields a minimum value of

2 2
[0 i O il . il O il 4 i
p q p q

Now, notice that

So that the minimum of the RHS is in fact:

XYl Ivx
I |;|o I, IR

= [I XTI

Now to conclude observe that (X, Y) < || X||||Y|| by Cauchy-Schwarz. O
Finally, we will also often need the following generalization of Cauchy-Schwarz:

Proposition 10.6. [Cauchy-Schwarz for random variables] Suppose A € R and B € R are arbitrary random vari-
ables. Then:

E[AB] < VE[A7E[F]
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Proof. By Young inequality (Proposition [I0.5), we have

A? \2p2

< P P

HAME[%2+ 2]

_ E[A%] | N E[B?
To2a2 2

E[A?]

E[B7] to conclude the desired result. O

for any constant A > 0. Now, set A =

C Convexity, Smoothness and Lipschitzness

Many classic algorithms work for convex functions:
Definition 2.1. A function L is convex if for all x, there exists some g, such that for all y:
L(y) = L(2) + (9gz,y — )
When L is differentiable, g, = VL(x).
When L is twice-differentiable, the following is an equivalent condition for convexity:
Proposition C.1. Suppose L is twice-differentiable. Then L is convex if and only if V2L(w) = 0 for all w.
Next, we will usually assume that loss functions L iare Lipschitz:
Definition 2.2. A function £ : R* — R is G-Lipschitz if for all x,y € RY,
|L(z) — L(y)| < Gllz —y||

This definition may be a little strange looking, but it’s actually fairly likely to hold. The intuition here is that the
G in G-Lipschitzness is actually measuring the degree to which £ is continuous. In fact, if W is a compact set, then
any continuous £ must be G-Lipschitz for some G. When L is differentiable, we can phrase G-Lipschitzness in the
following way:

Proposition 2.3. If L is differentiable, then L is G-Lipschitz if and only if |V L(2)|| < G for all x.
Proof. First, suppose |[VL(z)|| > G for some x € R?. By definition of gradient for any vector v, we have:

lim Lz + dv) — L(z) — (v, VL(z))

§—0 ) =0

_ _VL(z) T [rage
Letv = V2T Then this implies:

lim L(x+ dv) — L(x)

6—0 1)

Thus, if || VL(z)|| > G, there must be some § such that
|L(x + 6v) — L(z)| > Go

and so L is no G-Lipschitz. Therefore G-Lipschitzness implies ||V L(x)|| < G. Now suppose [|[VL(z)|| < G for all
x. Then by the fundamental theorem of calculus,

= [IVL()]]

£le) = £0) = [ GLG+ ta =)
= /0 (VL(y +t(z —y)),z—y)dt

1
s/\wc@+Ax—wNM—yWﬁ
0
<Gz —y]
so that £ is G-Lipschitz. O
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For most of this course, we will consider exclusively losses £ that are smooth:

Definition 4.1. A function £ : R* — R is H-smooth if L is differentiable at all x € R?, and for all x,y € W,
IVL(z) = VL)l < Hl|lz -y

Let’s be clear: there are plenty of losses out there that are not smooth, or are only smooth with a very large value
of H. However, without some kind of assumption about the loss it is very difficult to prove anything about how an
algorithm will operate. Similarly to the way that G-Lipschitzness is the same as the gradient being bounded by G when
L is differentiable, H-smoothness is the same as the Hessian being bounded by H when L is twice-differentiable:

Proposition 4.2. Suppose L is twice differentiable. Then L is H-smooth if and only if |V2L(w)||,, < H for all w.

The proof is essentially the same as the proof of Proposition although with two integrals instead of one. We
will leave it as an exercise.

Smoothness is at least approximately satisfied by essentially any continuous function, in the sense that any contu-
ous function can be replaced with a approximation that is smooth. The quality of the approximation can be traded off
for the amount of smoothness. Formally, the following theorem holds:

Theorem 4.3. Let £ : R — R be a G-Lipschitz twice-differentiable function. Then for any ~y > 0, consider

L(z)= E [L(z+)]
y~N(0,1)

where y ~ N(0,1) indicates that y is sampled from a standard multivariate Gaussian distribution. Then L is G-
Lipschitz and G\/&/ v-smooth and for all v € W,

|L(x) — L(x)] <1GVd
To extend the idea of smoothness, we have the notion of second-order smoothness:

Definition 29.1. A function £ : R — R is p-second-order smooth if L is twice-differentiable at all x € RY, and for
all x,y,v:

I(V2L(z) = VL)l < pllz = ylllv]

Just as Lipschitzness relates to the first derivative and smoothness to the second derivative, second-order smooth-
ness means that the third derivative is bounded. The third derivative of a function f : R¢ — R is a bit of a com-
plicated object. Formally, it is a tensor in R%*4*?_ Concretely, it can be represented by a three-dimensional matrix
whose ijk entry is %. This 3-dimensional matrix turns vectors into regular 2-dimensional matrices: given a
3-dimensional matrix 7" and a vector v, we write the 2-dimensional matrix 7'v as:

Toli,j] = Y _ Tli, j, klv[k]
k

We say || T[op = supy,|j<1 [I70]|op- With this notation, a thrice-differentiable function is p-second-order smooth if
and only if its third derivative has operator norm at most p.

C.1 Ciritical points and Local minima

Because we will not be assuming that £ is convex, in general we will not be able to actually show that our algorithms
in fact minimizes L. Instead, we will often simply try to approach a critical point:

Definition 4.4. A critical point, or first-order stationary point of L is a point x such that V L(x) = 0.

The search for critical points is motivated by the observation that any minimizer of £ must also be a critical point,
so that finding a critical point is a necessary but not sufficient condition for actually minimizing £. There is some
active research investigating the degree to which this condition may actually be sufficient. In fact, one of the key
desirable properties of convex functions is that any critical point must also minimize £. Sometimes we will be more
ambitious and instead try to find a local minimum:
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Definition C.2. A local minimum, or a second-order stationary point of L is a point x such that for some € and all y
with ||y — z|| <& L(y) > L(x).

As is typical in optimization, instead of actually identifying critical points or local minima, we will identify ap-
proximate critical points or local minima. The notion of an approximate critical point is relatively straightforward: we
simply try to make ||V.L(x)]|| as small as possible:

Definition 4.5. A e-approximate critical point of L is a point x such that |V L(x)|| < e

The appropriate way to define an approximate local minimum is less clear however. To think about this, we will
need to use some information about the second derivative. One particular idea that is important is the notion of being
positive semidefinite:

Definition C.3. A square matrix M € R¥? is positive semidefinite if for all v € R%, v Mv > 0. Further, for
any matrices A and B, we use the notation A = B to indicate that v Av > v Bv for all v. Then, M is positive
semidefinite if and only if M > 0.

We will adopt the following standard definition:

Definition C.4. Suppose L is twice-differentiable. Then x is an (e, §)-approximate local minimum if |VL(z)|| < €
and V2L (z) = —51. Frequently, we will consider the case § = +/e.

Let’s get some intuition behind why we impose the condition on V2£(z). First, observe that if £ is twice differ-
entiable, then at any local minimum we must have V2£(z) = 0. To see this intuitively, observe that by a second-order
Taylor expansion, for all v very close to 0 we have:

v V2L (x)v

L(x+v) ~ L(z) + (VE@),v) +

We have that V.L(z) = 0 at a local minimum, so:

vTV2L(2)v

= L(z) + 5

Now, since we are at a local minimum, £(y) > L(x) so that we must have v V2£(x)v > 0 for all v in some
neighborhood of 0, which implies that V2£(x) = 0. Therefore, the § part of Deﬁnitionis measuring the degree
to which this inequality is violated.
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